Technical Appendix to “Leverage Restrictions in a Business Cycle Model”,
Lawrence Christiano and Daisuke Ikeda

A Appendix A: Derivation of Financial Sector Equilib-
rium Conditions

This appendix derives the equilibrium conditions associated with the financial sector. The first
subsection considers the conditions associated with the case where banker effort is observable.
We then consider the unobservable effort case.

A.1 Observable Effort

The Lagrangian representation of the banker’s problem in the observable effort rerpresentation
of the problem is:
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where f1,,, is the Lagrange multiplier on (1) and v;4; > 0 is the Lagrange multiplier on (2).
Note that the constraints must be satisfied in each period t + 1 state of nature, which is
indicated by the fact that the multipliers, 4, , an v, are contingent upon the realization of
period t + 1 uncertainty. The first order conditions associated with the banker problem are:
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where “x : 7 in the first column indicates the first order condition with respect to the variable,

x. In the Rg and R{ equations, we differentiate state by state. In the results reported above
the density of the state does not appear. This reflects our assumption that the density is
strictly positive over all states, so that we can divide through by that density. We make this
assumption throughout. Adding the chl and R{ equations, we obtain:

Pop1 = M1+ Vigr (30)
Substituting (30) back into the R? equation, we find
Vi1 = 0,

so that the cash constraint is non-binding. Substituting the latter two results back into the
system of equations, they reduce to (4), (5) and (6) in the text. To see this, note that



Her1 = Mg in the e equation results in a simple cancellation that implies (4). Equation (5) is
derived in a similarly simple way. Finally, equation (6) is simply the u equation repeated.

Now suppose we impose a leverage restriction, (14). This only affects the d equation above,
since d; is the only choice variable in the leverage restriction. As a result, our findings, v;,1 = 0
and p,,; = M1 are unaffected. That is, the cash constraint remains non-binding and the effort
equation remains as in (4). The only change implied by a binding leverage constraint is that
the 0 in the d equation is replaced by the multiplier on the leverage constraint.

A.2 TUnobservable Effort

Given the indicated set of contracts, the Lagrangian representation of the banker’s problem
now is:
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where 7, is the Lagrange multiplier on (7). Note that this multiplier is not contingent on the
realization of the period t+1 state of nature since the constraint is on the effort level exerted by

the banker in ¢. To understand the solution to this problem, consider the first order necessary
conditions associated with the banker problem, (31):
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Add the R and Rj} equations, to obtain (30). To simplify the e equation, use (30) to substitute
out i, q :
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or,

e Elp) (e) (RYy — Ryy) (Ne+ dy) — e+ Ewap) (e0) (Ro oy — Riyq) du
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Now, make use of p/ = 0 and the 7 equation to substitute out for e; :
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We now simplify the d equation. From the p-condition, we delete the third term in d
equation and obtain

0 = Elap(er) ( R;l,tﬂ) + Bl (1 —py (er)) (Rwlt)+1 Ry t+1)
77tEt)‘t+1p;( t) [(R?H - R?ﬂ) - (RZ,M - Rlo)l,tJrl)] + B (Rt+1 Rb t+1)

Use (30) to substitute out for y,,, in the RY condition:
Verape (€) + mAsapy (e) = 0

Substituting out 7, using R‘gi—condition,
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Note that this equation implies
n, < 0.

This is to be expected. The interpretation of this may be seen from (31). The sign of 7,
suggests that in the absence of the 1 constraint, i.e., if 7, = 0, then e; would be set in a way
that makes e; greater than the object on the right of the minus sign in the incentive constraint.
A negative value of 7, in the Lagrangian penalizes such a setting. But, we know from our
analysis of the observable effort case (the only difference in this case is that the incentive
constraint is absent), that e; is greater than the object on the right of the minus sign in the 7
constraint in (31) when that constraint is ignored. But, (32) has another notable implication.
Suppose, for simplicity, that from the point of view of ¢, there are two possible states of nature
int+ 1, 1 and 2. Then,

Vt1+1pt (e) + 77t)‘1:,‘[+1p1,t () = 0
vy (er) + 77t)‘?+1p; () = 0

We assume that A\; 1, A7, 1,7} (e;),p: (e;) > 0. Suppose the cash constraint is not binding in
state of nature, 1, so that vj,; = 0. In that case, the first equation says that 7, = 0. But,
the second equation then implies v7,; = 0 too. Thus, if the cash constraint is not binding
in some state of nature for a particular date, then it must not be binding in the other state
either. If it is binding is one state, v}, > 0, then 7, > 0 and it is binding in the other state.
Thus, it is either binding in all states at a particular date, or none. This is general. Note from



Rg—condition that
Ny = —Vip1Dt (et) / [)\t—i-lp:t (et)] )

which implies that there exists no solution such that v;;; = 0 for some states of nature
and v;,7 > 0 for others. Intuitively this is because a banker smooths inefficiency caused by
Rit 41— Rl‘it .1 > 0 state by state. Suppose Ry, is very low in one state and it is very high
in another. Then, the cash constraint is binding in the low state so that R?,,, — Ry, > 0.
In the high state the banker sets Rat 41 high enough so that the cash constraint is binding and
R, — R, , <0.By doing this the banker minimizes E;\11p] (e;) (R%,,, — R,1) > 0,
which is, loosely speaking, the measure of inefficiency.
Substituting out for 7, in the revised d equation:

0 = Eilap:(er) (Rf+1 Rg t+1) + Edey1 (1 —pyi (er)) (Rt—i-l R, t+1)
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Then, using the p-condition,
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Finally, we use (30) to substitute out for 4, ,, in the RZ equation, to obtain:

Rg Ve (er) + npAqap) (e) = 0.

The optimization conditions derived here are summarized in (8).

To gain intuition into this multiplier, consider the case, v;,; = 0, so that the cash constraint
is not binding and the R;l condition implies 1, = 0. Since A\;11 + v441 > 0 the e-condition then
implies that R¢, | = R{, | can be the solution (as long as it does not make the cash constraint
binding). Combining this with the p-condition then implies that

Ry gt+1 — R bir1 = I (33)
can be the solution. It then follows from the n-condition that:

€ = Et)\t+1p; (er) [(RtJrl Ri}:)ﬂ) (Ve + dt)] ) (34)

so that banker effort level is efficient.
Now consider the case, v;,; > 0 for all states of nature. Then, the Rg—condition implies
1, < 0 and the e-condition, after substituting out v;,, using the the Rg—condition, implies

_ NPy (ex)
Dt (Bt)

Enp; (er) (Ry 1 — Ripyr) di = 1# > 0.

The e-condition then shows that banker effort is suboptimal. By continuity, when v, is large
the inefficiency of the banking system is great and when it is small, there inefficiency is smaller.
We think of a ‘crisis time’ as one in which v, is large.



Given our constraints, we suspect that when the cash constraint is always binding, v;,; > 0,
all state contingent deposit returns Rgl,t 1 Rg"’t +1,are pinned down. To see why, consider the
case in which there are two aggregate states possible in period t + 1, given period t. Denote
these by 1 and 2 and suppose they have probability, 7, and 1—m;, respectively. The p equations
are:

Ry = pil(er) RZ:tl-i—l + (1 —pi(er)) Rl;d:tl—i-l
Ry = pi(er) Rz:t2+1 + (1 —pe (er)) RZ:tQJrl

and the v equations are

R?ﬁl (Ne +dy) — Rz:tlﬂdt =0
Rfi (N +dy) — RZfHdt =0

Given the time t realization of variables, this represents four equations in four unknowns.
In general, for given Ry, p; (e;) these variables are pinned down. If there are more states of
nature, then these equations represent restrictions on the deposit returns. Either way, the state
contingency in the returns does not appear to contribute directly to multiplicity of equilibria,
at least when the case constraint is always binding. As a practical matter, we can solve the
model assuming the cash constraint always binds. We can then inspect the multiplier and
verify that it is always positive. If ever it is negative that means that the constraint as an
inequality is in fact not binding.

Consider the issue of the relative magnitude of Rf ., and R¢ | ,. We suspect that it will not
be true across all states of nature that Rg{t 4 < Rit +1- Consider a simple example. Suppose
there is an aggregate state where R? +1 = 0. In that state, it must be that ngt 4+1 = 0 too. In
such a state, assuming R; > 0, it must be that R¢, | > R{, . By itself, this spread induces a
substantial inefficiency in the e decision (see the 1 equation). But, the spread affects the choice
of e only by its expected value. If that spread is very large in some state then it does not induce
a large inefficiency if it is sufficiently small in another state. We might even imagine that it
could be negative in another state, Rf, ; > R¢, . In this case, creditors in effect subsidize
bankers that make positive profits and tax the ones that lose. This obviously has a big positive
incentive effect on e. This possibility should not be a problem for our maintained assumption
that the cash constraint is non-binding in the g state. To see this, suppose that it is binding
in the b state:

R?—H (Ne +de) — Rg,t+1dt = 0.

By construction, R{,; > RY 1 in all aggregate states. also, in the scenario we are discussing,
R;t 1 < Rgl’t +1- Both guarantee that the cash constraint is not binding in the g state.

An interesting feature of the model is that it implies a non-trivial cross-sectional variance
on the returns of banks. In any given period ¢ 4 1 state of nature, the cross section mean of

bank returns on equity is:

Rl (N +dy) — Rg,tJrldt
Ny

Ry (Ny+dy) — R, dy
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RZLH =Dt (et)
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To determine the cross sectional standard deviation of bank equity returns, note that in the
cross section, in any aggregate state, p; (e;) banks each earn

R, (Ny+dy) — Rﬁ,mdt
N,




return on equity. Similarly, 1 — p; (e;) banks earn a return on equity equal to

Rg+1 (Nt + dt) - Rg,tﬂdt
N, ’

Recall that if a random variable has a binomial distribution and takes on the value " with
probability p and ! with probability 1 — p, then the variance of that random variable is
p(l—p) (a:h — xl)2 . So, the period t cross-sectional standard deviation of bank returns is:

R{,, (Ny+d;) — R}, ,d, _ Ry (Ny+dy) — R, dy

st = [ele) W= pi(e)” N, N,
R (N;+d;) — Re,, d
= Ipi(e) (1 —py (Gt))]l/2 t+1 \ LVt ]\;t < il t7

taking into account our assumption that the cash constraint is binding for bad banks. Note
that p; (e;) > 1/2 then the cross sectional standard deviation is decreasing in e;.

B Appendix B: Scaling and Miscellaneous Variables

To solve our model, we require that the variables be stationary. To this end, we adopt a
particular scaling of the variables. Because our model satisfies sufficient conditions for bal-
anced growth, when the equilibrium conditions of the model are written in terms of the scaled
variables, only the growth rates and not the levels of the stationary shocks appear. In this
appendix we describe the scaling of the model that is adopted. In addition, we describe the
mapping from the variables in the scaled model to the variables measured in the data.

Let

oopPe Y Lo W 1L R
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where 7FP; denotes the nominal rental rate on capital. Also, 7¥ denotes the real, unscaled,
rental rate of capital. We do not work with this variable. The rate of inflation in the nominal
wage rate is:

- W wtﬂz,tﬂt
t = = — .
b Wiy Wi—1
Consider gdp growth, according to the model.
Y’tgdp Z't
T ==+ —+ 0,
2 Koy ¢
or,
Y;gdp = ytZtJra

so that

Alog Y™ = log ¥V —log V7 = log (y:) — log (1) + log (%) —log 2,
= log (y:) — log (yi—1) + log 4,



Let N, denote period ¢ nominal net worth, so that

N Ptzt—i_

Uz

Then,
N, ¥
Alog 2 = logn; —logn;1 +log uZ ;.
Another variable is investment. There is an issue about what units to measure investment
in. Investment times its relative price is given by:

It . itZ:_Tt . ZtZ:_

TtMT,t B TtMT,t B :U’T,t,

Ny =

so that:
Aloginv; = loginv, — loginv,_y = logi; — logi;—y + log pu7 , — (log py, — log MT,tq) .

The investment goods relative to consumption goods is given by

1
p[, = )
' Tt,u"r,t
so that
Alogprs = —tlogT+ (t —1)log T —log piy, + log piy ;4
= —logT —log iy, +log piy; 4.
Also,

Alog Cy = log ¢y — log ¢y + log pu ;.

The growth rate of the real wage is:

4%
Alog ?t = logw; —logw; 1 +log i,
t

C Appendix C: Dynamic Equations

Here, we display all the dynamic equilibrium conditions associated with the model.

C.1 Prices

The equations pertaining to prices are:
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where ), ; denotes \;z; P;. Also,
Af

T =X
(3)<c,t>‘z,t/\fyz,t3t + 65;) ( H_l) Kp,t+1 - Kp,t = 0. (37)

Tt4+1

Note that both these equations involve F),;. This reflects that a lot of equations have been
substituted out. In particular, we have

1 é" (7&)1 Af
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where p, is the real price set by price-optimizing firms in period ¢. This is not a variable of
direct interest in the analysis.

C.2 Wages
The demand for labor is the solution to the following problem:
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Ve

1
max Wt |:/ (htz w :| / Wt zht zdl
0

where W, ; is the wage rate of i—type workers and W; is the wage rate for homogeneous labor,
;. The first order condition is:
Wt Aw—l
hyi =1 .

The wages of non-optimizing unions evolve as follows:
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Nominal wage growth, m,,;, is:
wtu;tﬂ't
Tw,t = ~ )
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where w; denotes the scaled wage rate:
. W,
Wy = .
2 Py

The labor input variable that we treat as observed is the sum over the various different

types of labor:
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where
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We conclude: N

For purposes of evaluating aggregate utility, it is also convenient to have an expression for

the following;:
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Divide by W, and make use of the linear homogeneity of the above expression:
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The optimality conditions associated with wage-setting are characterized by:
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Optimization by households implies:
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We can replace K,/ F,; with the expression implied by (7) above:
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C.3 Capital Utilization, Marginal Cost, Return on Capital, Invest-
ment, Monetary Policy

The first order necessary condition associated with the capital utilization decision is:

or,
a (uy) = thf = rf,

after scaling. Making use of our assumed utilization cost function, this reduces to:

(9) ¥ = r*exp (0q [uy — 1)),

where

Tk

a(uy) = — [exp(o, [ug — 1]) — 1] .
Also, 7% denotes the steady state value of r¥. The above restriction on the a (u;) function
implies that © = 1 in a steady state. As a result, the steady state is independent of the capital
adjustment costs.

Marginal cost is given by:
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where 1, , and 1, , denote the fraction of the capital services and labor bills, respectively,
that must be financed in advance. Combining the last two equations, we obtain the familiar
expression for marginal cost:

(11) 5 = 1 (Tf 1 +¢k,th}> (ﬁit 1 +1/11,th}> B | (46)

€t o l1—«

where 1, , = ¢, , = 0. Resource constraint:
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where g, is an exogenous stochastic process and

relevant only for financial friction model, drop in CEE version

(13)ky s = e + - p(e) e {(1 —9) M;trz”/ * [1 -9 (gt:#)} it} ’
’ (48)

where 4, is investment scaled by z; Y.
Equation defining the nominal non-state contingent rate of interest:

1
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The derivative of utility with respect to consumption is,
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th] =0, (50)

where ¢, denotes consumption scaled by z;. The following capital first order first order condi-
tion is an equilibrium condition in CEE, but not in our model with financial frictions because
in that model households do not accumulate capital:

g

Tt+1 -z 141

(16)E { Gt + cAR} o (51)

In (51), R, denotes the benchmark rate of return on capital:

wry — a(uy) + (1 —6)g,

1 b —
( 7) Rt Tq m

where ¢; denotes the scaled market price of capital, Qg ,

Qi
Pt .

Tt

Equation (17) holds in our financial friction model, as well as in CEE. The investment first
order condition, (27)

(52)

-1 -1 11

Ci /‘L; TZ / Cz /J’z TZ Cz /‘Lz TZ
(18) Er{C. A {1 _ g(Cutaa iy g Suattai Ty Cualte }

_Cc,t/\zt " BAztr1Cet1Ci19e41 S/(Ci,t+lﬂz,t+lrit+l) <MZ,t+1Tit+1)2} = 0,

" - -
Hy ¢ :uz,t+1T Ut 1

where 4, is scaled (by z;Y*) investment. The scaled representation of aggregagte output is:

_Yt_ *% uky \° oy 2 l—a
(19) yz,t = Z_;( - (pt) f |:€t (Mth) ((wt)kw L ht) - ¢:|

The monetary policy rule:

(20) log (1 + R;) = (1—p)log(1+ R) - ,alog (1 - Rt 1) (53)

NIt P P +
a 0} (6] .77
1+ R P g y4 g v



where 2} is an iid monetary policy shock and y; denotes scaled GDP:
iy
1) yr=gi + o+ —.
Ky ¢

It’s important not to confuse y; and Y;. The former is scaled GDP while the latter is unscaled
gross output. Scaled gross output and scaled GDP are the same in steady state but different
in the dynamics because u; is potentially different from unity then.

C.4 Conditions Pertaining to Financial Frictions

First, consider the equilibrium conditions associated with the financial friction model with
unobserved effort. Consider the following scaling:

~ dy ~ N, - T,
di = ——, Asis1 = Mip1254 P v =vi1254 P N, = T, =
1 t+1 t+1 1 t+1 t+1 ¢ t
;‘Pt’ : t+1 ’ - t+1 ’ ;(Pt7 Z;Pt

Consider the e equation:

e: By (M1 + Vi) 1 (er) (Rg 41 — R} t+1) di +mn,=0

or,

1 o s
*—pg (et) (Rg t+1 Rb t+1) 2 Pedy +1, =0

e: By (Mg + Vi) 2
21t

or,
1
e: By (A1 + Vaps1) ————; (er) (Rg t+1 Rb t+1) dy + ny = 0.
oz t417T 41

Now consider the d equation:

1
d:0=E, (/\z,t+1 + Vz,t+1) ~ D [pt (et) Rf+1 + (1 — Dt (et)) Rt—',—l Rt}
Z't+1pt+1

Multiply this equation by z; P, to obtain:

1
d:0=E (Aops1+Vopp1) ——— [pt (e1) Rf_H + (1 —pi(er)) Rt+1 Rt]

Loy ,t+17rt+1

In the case of the Rg equation, we can simply multiply by 2/ P :

R;l Pz 1P (€d) + Az eapy () = 0.

Equation p requires no adjustment:

p: Ry = pye(ey) Rg,tﬂ + (1 —pe(er)) Rlcyl,t—&—l
Next, consider equation 7 :
1 - - ~
n:er =B ———p; (er) [(Rf—H - R?H) (Nt + dt) - (R;l,tJrl Ry t+1) dt]

Foox t4+17 141

The v equation is:
v: Ry, (Nt + dt) — Ry, 1d; =0,



The law of motion for net worth is:

Niy1 =71 {Pt (er) [Rtg+1 (Ne +dy) — R;l,tJrldt} + (1 =i (er)) I:Rll:+1 (Ne +di) — Rg,tﬂdt] }"’_Ttﬂ

Divide by 2/ ;P11
v T g Y 7 d 3 b Y 7 d 3 =
Nipp = ————pe(e) |RLy (Ne+de) — Ry pade| + (1 —pe(er)) [Rlyy (Ne+di ) = Ry yadi| ¢+ 141
/’LZ*,t-i-lﬂ-t-i-l
or,
b

- R - ~ R - ~ R, ~ -
Niy = ot {pt () 28 (Nt + dt) + (1 —pe (er)) tl (Nt + dt) - dt} + T

Hozx t41 Tt Tt Tyl

We also require equations to define the returns of good and bad entrepreneurs:

g _ gt Rk
Ry, = e Rt+17

Rngl = " Rf+1
Finally, we have the market clearing condition for capital:
P K1 = Ny +dy,
If we multiply both sides of this expression by p; (e;) €% + (1 — p; (e;)) €%, we obtain:
Py Ky = [pt (er) €% + (1 —pi (er)) ebt} [N +di]

or

P, 2 Ytk .
qftrtt : Z*Pt+1 - [pt <€t) egt + (]. — Dt (6,5)) €bt] |:Nt =+ dt] s
t+t

or
Gk = [pt (er) e + (1 —pi(er)) ebt] [Nt + Jt] )

Collecting the equations for simplicity,

1 -
e o E(Mr FVapn) ———p; (er) (Rf;l,t+1 - Rlcyl,t+1) di+mn,=0
Mz*,t+177t+1

1
d : 0=FE (A1 +Vep1) ———— [Pt (er) Rf+1 + (1 = pi (1)) Rf—&-l - Rt]
Hoox 1 41Tt+1

RZ D VsaaDe (€) + Ut)\z,t+1p; (er) =0

po Re=pi(er) R;l,tJrl + (1 —pt (er)) Rg,tﬂ

1 . - -
o e= B ———p) () (i — Blu) (Mo o) = (Bl opy — Riy) di

Hozx 4417841
14 : R?—‘,—l <Nt + CZt> - Rg,t—f—ldt =0

Neyw = e {pt (et) [Rfﬂ (Nt + Jt) - Rg,tﬂdt} + (1 = p: (er)) [R?H <Nt + Jt) - Rg,tﬂczt] } +

Foor 41 Tt+1

Gk = [pt (e) e + (1 — pe (1)) ebt} [Nt + Cit}
R?—i—l = egtRfﬂ
R§+1 = e Rfﬂ

To go from the CEE model to the model with financial frictions, we drop equation (16)



(and modify the capital accumulation equation, (13)) and we add the above 10 equations. So,
there is a net addition of 9 equations. The additional 9 variables are

g b5 N pd d
Ry 1, R yq, diy Ny, Rg,t+17 Rb,t+1= €t V41, Ty

C.5 Social Welfare Function

We now turn to developing an expression for the representative household’s utility function

1 hi+UL
Utily, = (.9 log(z e — bz e ) — / : dz}
t C,t{ g(t t tltl) 77/}L0 1+o0,

Zt 1 hil-l—UL .
= Cet {log {Z;F(Ct — b;T_:Ct—1>:| — 1/)L/0 Toor th JLd@}

b Lo
= Gey {log(ct — ——Ct1) — G / hit Ldz}7
0

ozt 140y

apart from a constant term. Using (43):

L L\ P (1401)
¢L / h,}t—i_aLdi — wL ]’Lt <ﬂ) —Aw ,
1'+'UL 0 1‘+'UL U@
so that
b ¢ . 1>\§\J (14o01)
. Wy Thw
Util, = log(c; — —cpq) — —2— |hy | — ,
0= Cor § logla 1wy 2 1+op t(wz“) ]

where 0, is defined in (42) and w; is defined in (8). Both these variables are unity in steady
state.

D Appendix D: Calculating Steady State

Here, we discuss algorithms for computing the steady state of three versions of our model. The
first three sections describe the equations of the model. The last three sections describe the
algorithms.

D.1 Price and Wage Equations

This section pertains to equations (1)-(8) of the dynamical system in Appendix C. These
equations are trivial in the case, 7 = 7. Equation (35) in steady state, is:

l—Af

- 171)\ Ar ] X7
(1-¢) (%)




Note that, if 7 = 7 then p* = 1. Equation (36):

A

Aoy (%) Gl n) -] |

p

assuming

p

1 [%] o [1_ﬁ§ (= )1A§f]

N 1- (37 g,
In the case, 7 = 7, s = 1/\;. Equation (44) in steady state is:
QR Ol

™

as long as the condition,

()™
BEyTw = <1,
T
is satisfied. Also
ﬁ'w — (ﬂ_)bw,z 7—_‘_17Lw,2.

Equation (?7?) is

% Dw I+or
¥p | ()= n]
I ] 1*)\w(1+UL)

as long as

- *1/1\1 )
BE,, <7T—“’> < 1.
T

Equating the two expressions for F,, we obtain:

w =W,

(55)



where
1 )\w(l-f—O'L)—l

~ L ~ 1
. 1— T ) T=xu 1— T ) T=xw
W = (w*)’\i’_laL éw ( s ) ﬁgw ( TI'/\) ’ (56)
-6 g, (B)
which is unity in the case 7 = 7. In steady state, (?7) reduces to:
1—Aw
' (e \
1_§w TrTw 1=Aw
(1-¢&,) <T)

w* - Aw Y (57)

which is unity when 7 = 7. According to the wage equation, the wage is a markup, W \,,, over

the household’s marginal cost. Note that the magnitude of the markup depends on the degree

of wage distortions in the steady state. These will be important to the extent that 7, # 7.
In the case m = 7, we have

W hoL 1

. 58
N Ty (58)

ﬁwap*aw* = 17 w = )\w
in addition to F},, F,, K, K, which do not get used in the subsequent equations.

D.2 Other Non-Financial Equations

The marginal cost equation, (45) implies:

Aw 11—«
T * *\ N —1
rk — ace < luzh (/(;U ) ) 8, (59)

1+, R k

where w* is determined by (57). In steady state, the capital accumulation equation, (48), is

1 L1,
ey -0 Y (60)

or,

{1 —(1- 5)u§1T] k=i, (61)

using (?7). In steady state, the equation for the nominal rate of interest, (49), reduces to:

T
R=—2=. 62
5 (62)
In steady state, the marginal utility of consumption, (50), is
1upu:—»b
A, = 100 (63)
c ui—>

Finally, the euler equation for investment, (52), reduces to

qg=1.



Also, equations (17) and (19) in the dynamic system reduce to:

19) . = (g ) o

k 1—
(17) RF — ¥n (64)

We compute ¢ to guarantee that firm profits are zero in a steady state where m = 7. Let h
and k denote hours worked and capital in such a steady state. Also, let ' denote gross output
of the final good in that steady state. Write sales of final good firm as F' — ¢. Real marginal

cost in this steady state is s = 1/A. Since this is a constant, the total costs of the firm are sF.
Zero profits requires sF' = F' — ¢. Thus, ¢ = (1 —s) F = F(1 —1/)¢), or

o= () (1)

The steady state version of the resource constraint, (?7), is:

. E 8%
(8)c+g+ ;—T = <M*T) hime — ¢, (66)

where p* = w* = 1. The steady state real wage can be solved from (45):

YTu,.h]l
(9)@525(1—@){ “l_; } . (67)
The steady state labor supply equation, (55), is
) a
oL
10)h = = 68
o = | i) (69

where W =1 when ™ = 7.

D.3 Financial Sector Equations

In steady state, the equilibrium conditions pertaining to financial friction are

e <)\Z+VZ),[Lb7T (Rg—Rg)cZ—i-T]:O,
d 0=[ple)e? + (1 —p(e))e’] R* — R,
RY v.p(e) +n\.b=0,
po: R=pl)Ry+(1—ple) R
n o e= Ab [( Rk<N+d> Rg—Rg)J],

Moo= T0
v : e'RF (N+d) —Rgfd:o,

N = L RN+T,
:uz*ﬂ-




where b = p' (¢) and we have substituted out B9 and R® by e9R* and e’ R* respectively. We
need

v < B,

for the net worth accumulation equation to make sense (i.e., have a steady state). Those 8
equations are solved for 8 variables: d, NV, RZ, R¢ e,v.,n, R*, conditional on values for \, and
k and some calibration information. We simply impose:

ple)ed + (1 —ple))e’ = 1. (69)

We suspect that this is in the nature of a normalization. Denote bank leverage by L:
L= (N + cZ) /N. (70)

We calibrate
3db7 Eb7 Lv

where sd,, is the cross-sectional standard deviation of the nominal return on bank equity and
E" is the corresponding cross-sectional mean. We will use these three objects and (69) to
determine 7', b, g, a. But, we must assume a value for the exogenous parameters, b.
The market clearing condition for capital implies:
L= ! _k (71)
Np(e)ed+(1—p(e))e” N

using (69) and the fact, ¢ = 1. Conditional on L, this gives us an expression that determines
net worth, N. Then, the law of motion for net worth (i.e., (13)) allows us to pin down 7" :

T=[1-~R/(u.m)]N.

From the d-condition,

R
RF = =R, 72
@t (- p(@) )
using (69), so that we now have R*.
From v-condition,

N+d L
R = ebR’fTiL — SR (73)
where we have substituted using (72).

We find it convenient to compute the spread, though this does not directly bear on the
calibration objects. The interest rate spreads for banks is, using the u-equation:

1 —p(e)

(©) (R— Ry).

spread, = RZ — R =

Combining this with (73):

1—
spread, = 1= ple) (1 —ef

p(e)

Next, we derive the expression for the cross-sectional variance of return on bank equity.
The return on bank equity when a firm finds a good entrepreneur and when a firm finds a bad

L_l)R (74)



entrepreneur are given by:

we assume this is binding,=0

¢/RL— RYL—1) and e’RL— RYL—1) ,

respectively. Recall that in the case of the binomial distribution, if a random variable can be
2" with probability p and z! with probability 1 — p, then its variance is p (1 — p) ($h — $l)2 .
We conclude that the cross sectional standard deviation of the return on bank equity is:

sdy = [p(e) (1 —p(e)]?[¢!RL — RYL —1) — (¢RL — RY(L — 1))]
= [p(e)(L=p(e)]"*[(¢ —¢") RL — (Rf — Ry) (L~ 1)]

From p-condition,

e’R N—&—J
pi_pi _ BBy R smaiaee -
g b - ( )
p(e) p(e)
_ R 1_ebN—l—d _ R ll_eb L ]:spreadb
p(e) d p(e) L—1] 1-p(e)
since o
N+d N+dN L
d N d L-1

Sdb = [p(e)(l — p(e))]%R {(69 _ €b>L _
According to the d equation with R = RF :

l=ple)e?+(1—pe)) e’ =ple) (ef —€") +¢".

Then, substituting this into the sd, equation:

N

sd, = [p(e)(1—p(e))]

= ()1 — ple))]} R

or,

l_p@qu. (76)

p(e)

Given sdy, (76) determines p(e). Then, (74) determines e’ given L. The probability of
finding a good entrepreneur is (using (69)):

Sdb—|:

1—¢b

ed — eb’

ple) = (77)

and so this can be solved for g. We now have R* from (72), R{ from (73), R from (75), N
from (71), d from (70). We still need v, 5 and e. In addition, we still require a.



Consider the n-condition,

A.b

e =

using (75) to solve out for RZ — R¢. Then,

b [ R L
= = I YR — —— (1 —e"—— ) (L—1
‘ [T _(e )R p(ff)( eL—1>< )}
= Asb (eg—eb)RL—i(L—l—ebL)} N
[T | p(e)
b [ L—1—¢L i
= Asb L — 1 ( ¢ ) (eg—eb)RN
[T ple) (&9 =€)
Using (77),
Ab [ e —etL(1—¢) 1 :
_ z I — g _ b RN
‘ [y T0 1—eb  (e9—¢b) (¢ =)
Ab [ L(1—eh) -1 )
= —|L 9—¢") RN
[y T 1—eb (e =)
or, _
b el —et -
€= )
fyem 1 —eb
which determines e. Next, we have B
p(e) = a+ be,

which determines a.
We still have the following two equations:

e : (A +v,) B(Rg—R?)JjLn:O,

[T
d . B
Ry v.p(e) +nAb=0.
Equations (80)-(81) are two equations in v, . Now solve for 7 using (80):

= +v.) ——b (R - R)d

and use this to substitute out for 7 in (81):

v.p(e) — (A, +v.) b (RS — Ry)d\.b =0,

:uz*Tr
or,

2 (8)° (RS~ BY) dh.

Ho* T

p(0) o5 () (Ry— Rl) .

2 =

s T

2%

= {(e"—eb)Rk (¥ +4) _1%(1_%":1)02},

(78)

(79)



This completes the computations we set out to accomplish.

D.4 Steady State Algorithm, Unobserved Effort Equilibrium

Here is an algorithm. We specify a value for 7 and compute R using (62). From (72) we obtain
R*. From (64) we obtain 7*. From (59) we obtain h/k. Solve (67) for .
Combining (65) and (66):

fag ( k )‘“ B L

c+g+—= —.
fiy hizX ) Ay

Substituting out for i using (61) and dividing the result by A :

g (1_(1_5)u§r>%:< k )“1

C
Rt i et ) Ny

We specify that g is a given fraction, 7,, of steady state gross output or GDP (both are the
same in steady state), so that :

RS
I
3
<«
7 N N
>
=
=
~_
Q
|-

Then,

c (6%

S _(1— A I :

h ( 779) (hN§T> A Hy ’
and ¢/h is now determined. From (63),

1 p—0bp
(¢/h)h pz—0b"

where h is yet to be determined. Substitute this expresion for A, into (55) to obtain:

A =

[ w1
(10)h = [(a/h)h b wL“’} ’

where W has been set to unity, reflecting m = 7. Solve the resulting expression for h :

hH;L:{ 1 pt—bp 1 w]
(c/h) w—b Aathy ]

or,

h_{ 1 =03 1 wr
(c¢/h) s —=b Aty ’

where c¢/h is the object derived above.
Given k (= h/(h/k)) and X, we can compute the financial variables: E* = p (e) [R/L — R% (L — 1)]

d,N,R} Ri e,v..n

using the approach in the previous section. In particular, given sdy, p(e) is determined by



(76); given L (74) determines e’. The expression (77) can be solved for e?. Then, R¢ can be
solved from (73); R? from (75); N from (71) and d from (70). Then, @ and e can be solved
using (?7?) and (?7). Finally, v, and 7 can be solved using (82) and (83). At the end of the
calculations we need to verify that

v.>0,ple)>1/2, ¢>0,d>0, N>0, g>b, e>0, k>0,R!> R}

Some of these tests are nearly redundant. For example, R? > R{ by the calibration (see (75)).

D.5 Steady State Algorithm, Unobserved Effort with Leverage Re-
striction

In this section we discuss the computation of equilibrium under a binding leverage restriction.
Our algorithm does not impose any of the calibration restrictions that we imposed in the
previous section, and so it must be a different one. In terms of the equilibrium conditions from
the section on price and wage equations, we have the equations in (58), which we reproduce
here:

(Ds = 1/A;,

- Y hr
2 = .
(2)w Aw N

In terms of the non-price and wage equations, we have (59) and (60):

Tt 11—«
(3)7‘k = a( %Zh) s,

T
5R = :
(5) 5

1y —bp
6)\, = -
©) cpz—>b

The other equations listed right after this are:

S’ w’ h’ AZ? Tk? k? Z” 67 R’ Rk

rP4+1-96

MR = =
4 ]_f ¢ 11—«
R ) K

Here, ¢ and g are exogenous parameters. They are not calibrated in this section.

Y h]
- .

(%@zs&—aﬂ



The financial sector equations are:

MbW(Rd—RZ)JJrn:O, (84)

(d : A= (h +v.)—

/J“z*ﬂ-
(12)R;l : vp(e) FnAb=0,
(13)p = R=p(e)Rj+ (1—p(e)) Ry,

(10)e = (A, +v.)

(14)np : e= /j:l; [(eg — ") R* (N + cZ) — (chl — RY) cﬂ )
(15) v : e'R* (]\7 + ci) — Réd =0,
(16)N = MZW {[p (€) e + (1—p(e))e’] R® (N + J) - RJ} 4T

ANk = [p(e)e?+(1-p(e) '] (N +d)
(18)LN = N +d.

We have the following 11 non-financial market unknowns (steady state inflation is always
fixed at 7): )
¢, s, W, h, M\, 7" ki, e, R, RE.

We have the following 7 additional financial market variables:
v., R, R m,d, N, A.

Thus, we have 18 equations in 18 unknowns.

Here is an algorithm. It is a one-dimensional search for a value of N that enforces equation
(16). We now discuss how the other endogenous variables in (16) are computed.

Assign an arbitrary value to 0 < p(e) < 1. From this we can compute e using

p(e) = a+ be.

We compute & from (17) and i from (4). We then reduce (14) to one nonlinear equation in one
unknown, h. To see this, given k, (8) now defines ¢ as a function of h :

E A\ i
c= R —p— — — g
(M;‘T) fiy

Similarly, (6) defines A, as a function of h. Substituting (3) into (7):

. l—a
. a(T’,”jh> %—i—l—é
RF —
T

7T7
we obtain that R* is a function of h. Substituting from (13) into (14), we obtain:

A.b

:uz*ﬂ-

Rd — Rid
p(e)

e =

[(eg — ) R (N +d) -




Substituting from (15):

A:b

H’z*/ﬂ

e =

(eg — eb) R* (N—i—d) —

Note that the right hand side of this expression is a function of h alone. We adjust the value
of h until this expression is satisfied.
We use (15) to compute o
Ri = ebRkN—:'—d.
d
We also have RJ from (13):
R—(1-p(e) Ry

By = p(e)

g

We compute A from (11).
Solving for 1 from (10):

Substitute this into (12)
v.p <€> - ()‘z + Vz) D (Rd - Rz) CZ)‘Z_ = 07

and solving this for v, we obtain:

So that we have n and v,.

Finally, we solve (9) for @w. We adjust p (e) until (2) is satisfied. Thus, for an arbitrary
choice of value for N we compute p(e) and h as described above. We adjust the value of N
until (16) is satisfied.

D.6 Steady State Algorithm, Observed Effort

In the observed effort case, the equilibrium conditions for the financial sector do not require
computing Rg and RY and the multipliers,  and v,, are both zero. This means that we can
ignore equations (10), (12), (13), (15) in (84). Thus, the financial sector equilibrium conditions
in nonstochastic steady state are:



1

:uz*ﬂ-

(1)d : A=A,

([p(e) e+ (1—ple)) eb] RF — R)

(14)np : e= :Zf; (eg — eb) R* <N + J) ,
(16)N = M:ﬁ {[p (€)e? + (1—p(e)) €] R (N + J) - RJ} + T,

Nk = [p(e)e’+ (1= p(e) '] (N +d)
(18)LN = N +d.

When leverage is unrestricted, then A = 0 and (18) simply defines leverage, L. When the
leverage restriction is imposed and is binding, then L in (18) is exogenous and A > 0.
We have the following 11 non-financial market unknowns (steady state inflation is always
fixed at m):
¢, s, W, h, M\, 7" ki, e, R, RE.

When the leverage restriction is non-binding, we have the following 3 additional financial
market variables:
d,N,L,

with the understanding, A = 0. In terms of equations, we have 9 non-financial market equations
and the above 5 financial market equations. Thus, we have 14 unknowns and 14 equations.
When the leverage restriction is binding, then there is an additional equation that assigns a
value to L and there is an additional unknown, A.

Here is an algorithm for solving the observed effort steady state when the leverage constraint
is nonbinding, A = 0. Combining (11) (with A = 0) and (16), we obtain N = #Z%RN + T, so
that

- T
N=—~
1-—2LR (85)
Hox T
So, we can compute N immediately. Fix a value of p (). Then, using (11) with A =0 :
R
RF = (86)

p(e)ed+ (1 —ple))e”

Then, 7* is computed using (7), h/k is obtained from (3), and @ is computed from (9). Now
fix a value for h, so that we have k. We obtain d from (17), ¢ from (8) and X, from (6). Adjust
h until (14) is satisfied. Adjust p (e) until (2) is satisfied.

We must consider the possibility that the observed effort equilibrium has the property,

ple)=1,e< Ab (ef — ") R* <]\7 + J) : (87)

N oo T

so that (14) does not hold. Since (11) and (16) are satisfied, we can still compute N using
(85). Set p(e) = 1 and compute R* using (86). We can compute 7, h/k and w using (7), (3)
and (9), as before. Now fix a value for h, so that we have k. We obtain d, ¢, A, from (17), (8)
and (6), as before. Adjust h until (2) is satisfied. Finally, verify that the inequality in (87) is
satisfied.

Now consider the case of a binding leverage constraint. We cannot compute N as before.
Also, equation (11) does not hold with A = 0, so that we do not have access to (86). A different
algorithm is required. Consider the following one. Fix a value for N and use (18) to compute



d. Fix p(e) . Use (17) to compute k. Use (4) to compute .

Fix h. Compute ¢ from (8) and ), from (6). Compute r* from (3) and R* from (7). Adjust
h until (14) is satisfied. Compute @ from (9). Adjust p (e) until (2) is satisfied. Finally, adjust
N until (16) is satisfied.

Again, we must consider the possibility that p(e) = 1 and (14) does not hold. As before,
fix a value for N and use (18) to compute d. Set p (¢) = 1 and compute k, i using (17) and (4).
Fix a value for h. Compute ¢, \., r*, R¥ @ from (8), (6), (3), (7), (9). Adjust h until (2) is
satisfied. Adjust N until (16) is satisfied. Finally, we must verify (87).





