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This supplementary appendix establishes results to complement and extend the main anal-
ysis of Biais, Hombert, and Weill (2010) (henceforth BHW). Each sections is self-contained and

can be read separately.

Section I, page 3, shows that the preference specification of BHW is consistent with

the main results of Lagos and Rocheteau (2009).

Section II, page 7, considers an equilibrium where traders can only submit market
orders, and compare it to the case in which they can also submit limit orders (Proposition
9 in BHW) and to the case in which they can also submit algorithms (Proposition 1 in
BHW).

Section III, page 12, studies the limiting equilibrium when ¢ — 0, and shows that this

limit coincides with the indivisible-asset case addressed in Biais and Weill (2009).

Section IV, page 18, analyzes an extension of the paper when liquidity shocks are

anticipated and occur recurrently.
Section V, page 25, considers the case of a positive liquidity shock.

Section VI, page 28, establishes that, with algorithms or limit orders, the price path

must be continuous.

Section VII, page 32, shows that the equilibrium of Proposition 9 is unique in the class

of Markov equilibria.

Lastly, Section VIII, page 44, and Section IX, page 72, gather omitted proofs.



I Comparison with Lagos and Rocheteau (2009)

One key addition of our new paper (Biais, Hombert, and Weill, 2010, henceforth BHW) over
the earlier work of Biais and Weill (2009) is to relax the restrictive assumption that traders can
only hold one or zero units of the asset.

While we allow unrestricted asset holdings, we restrict attention to a particular functional
form of the utility flow function (see Section 2.1, page 6 in BHW). The reader may be concerned
that our particular functional form is bringing new undesirable restrictions through the back
door. The goal of this section is to demonstrate that, as far as we can tell, this concern is
unwarranted.

To make this argument, we show that our preference specification is consistent with the
main implications of allowing unrestricted asset holdings that have been documented in the
literature. Our benchmark is the analysis of Lagos and Rocheteau (2009, hereafter LR). LR
derive new results about the distribution of asset holdings and measures of liquidity when
investors are allowed unrestricted asset holdings. Some of their results are proved under general
twice continuously differentiable and strictly concave preferences, and others are shown under a
particular iso-elastic preference specification. In this note we show that their findings, the ones
derived for differentiable preferences, and the ones derived for particular iso-elastic preferences,

also hold with BHW’s preference specification.

I.1 Setup

We consider the steady state setup of LR with the preference specification of BHW. First,
investors switch indefinitely between a high valuation type and a low valuation type. As in
BHW, high—valuation investors’ utility flow is v(h,q) = ¢ for ¢ < 1 and v(h,q) = 1 for ¢ > 1.
Low—valuation investors’ utility flow is v(f,q) = ¢ — d¢'™ /(1 + o) for ¢ < 1 and v({,q) =
1 —=6/(1+ o) for ¢ > 1. High-valuation (low-valuation) investors switch to low-valuation
(high—valuation) at rate v, (y,). Second, as in LR, the market is a dealer market where
investors can only submit market orders. Specifically, investors meet dealers according to a
Poisson process with arrival rate p. When an investor and a dealer meet, they bargain over
the size of the market order, and over a trading fee. The outcome of the bargaining process
is given by the generalized Nash-bargaining solution, where the dealer’s bargaining power is 7.
In all what follows, we let k = p(1 — 7). Table 1 provides the correspondence between LR and
BHW’s notations.



Lagos and Rocheteau Biais, Hombert and Weill

Asset supply A>0 s€0,1)
Asset holdings a q
Set of preference types ieX 0 € {h, 0}
No. of preference types I 2
Preference switching rate ¢ — j om; V)
Discount rate r r
Meeting rate with dealers p
Dealers bargaining power n n

Table 1: Correspondence between notations

1.2 Steady state equilibrium

Let us start by deriving the steady state equilibrium. We cannot apply directly the results
of LR because they require twice continuously differentiable and strictly concave utility flows.
Our utility flows function, by contrast, are not twice continuously differentiable because of the
kink in ¢ = 1, and they are only weakly concave since they are constant for ¢ > 1. However, it
is straightforward to characterize the equilibrium following the same steps as in LR.

In a steady state equilibrium, gy is the asset holding chosen by a type—f when she meets a
dealer; the asset price is p; lastly, ¢y(q) is the equilibrium fee paid to the dealer by a type—
investor holding ¢ unit of the asset before meeting the dealer.

With BHW’s preferences, equilibrium allocations come in only two flavors: either ¢, is
strictly lower than 1 (“interior” equilibrium allocation) or equal to 1 (“corner” equilibrium
allocation). The following Lemma, proved in Section IX.1.1, characterizes g, and ¢, in each

case.

Lemma I.1 (Steady state allocation). There exists a unique steady—state equilibrium. If s <
(va + &%)/ (vn + 7e), then

qe = ,Yh—_l—wsa and qn = @7 (11)

 Ww/e+v £

where € = (y/(r + K +v))/?. Otherwise if (v, + 7o)/ (yn +7¢) < 5 < 1

= %—Ws — ﬁ, and q, =1 (1.2)
e Ve

As intuition suggests, a corner equilibrium allocation, g, = 1, arise when the asset supply

is large enough.!

Tt is straightforward (but somewhat uninteresting) to extend the analysis to s > 1: in this case all investors
hold more than one unit of the asset with zero marginal utility, and hence p = 0.



I.3 Counterpart of Proposition 2-4 in LR

To derive their results for trading and liquidity LR assume the Inada condition v;(0) = +ooc.
It is merely a simplifying assumption to keep equilibrium asset holdings strictly positive. With
our preference specification, this condition is not satisfied since v,(h,0) = v,(¢,0) = 1, but this
causes no complication since, by Lemma [.1, our equilibrium asset holdings are also strictly
positive.

First, LR establish (Proposition 2) that the dispersion of asset holdings increases with the
trading frictions. The following Proposition, proved in Section IX.1.2, reproduce their results

with our preference specification:?

Proposition 1.1 (Dispersion of asset holdings). Holding either p or n fized:

(i) qn — s and gy — s asr + k — 0.
(ii) An increase in r + K causes the distribution of asset holdings to become more dispersed.

Second, LR show (Proposition 3) that trade volume increases when trading frictions vanish.
The following Proposition, proved in Section IX.1.3, reproduce their results with our preference
specification:?

Proposition 1.2 (Trade volume).

(i) Trade volume goes to zero asr + k — 0.
(ii) Trade volume increases with k.

(i1i) For k' > k the distribution of trade sizes associated with k' first-order stochastically dom-

inates the one associated with k.

Lastly, LR show (Lemma 4) that fees — both total and per unit of asset traded — increase
with the size of the trade, and (Proposition 4) that trading frictions have a nonmonotonic effect
on fees. The following Proposition, proved in Section 1X.1.4, reproduce their results with our

preference specification:

Proposition 1.3 (Transaction costs).

(1) Fori e {h,t} and q# q;, 9/0q($i(q)] and /9q(¢i(q)/|q: —ql] have the same sign as q—g;.

(1) There exists T such that for r <T and i # j, ¢i(q;) is nonmonotonic in £ and is largest

for some Kk € (0, +00).

2LR prove point (ii) with iso-elastic preferences and many types. Proposition I.1 shows that it also holds
with two types under our preference specification.

3LR prove (ii) for iso-elastic preferences only, and point (iii) for logarithmic preferences. Both hold with
our preference specification.



(iii) There exists T such that for r < T, the expected fee earned by a dealer conditional on

meeting an investor is nonmonotonic in K and is largest for some k € (0, +00).



II Equilibrium with only market orders

In this section we consider the setup of our paper (Biais, Hombert, and Weill, 2010, henceforth
BHW) with one modification: we shut down algorithms and limit order books. Precisely, as
in Section 4, page 25 in BHW, we assume that traders can only submit orders when their
information process jump. Differently from BHW, we assume that traders can only submit
market orders. In this context, we show that the price recovers faster to its fundamental value
than in the equilibria of BHW. However, at the same time, social welfare is lower. We also
provide a discussion of traders’ incentives to submit limit orders, and link our result to earlier
findings from the literature.

In all what follows we call first equilibrium of BHW (Proposition 1, page 18 in BHW)
an Algorithmic Trading Equilibrium, or “ATE”, because it is implemented using algorithms.
Similarly, we call the second equilibrium shown in BHW (Proposition 9, page 30 in BHW) a
Limit Order Equilibrium, or “LOE”, because it is implemented using limit orders only. Lastly,
the equilibrium we are about to solve for, where traders only use market orders, is called a
Market Order Equilibrium, or “MOE.”

II.1 Solving for an equilibrium

We first solve for a MOE. The reader may want to skip the step-by-step analysis and go directly
to Proposition II.1, which describes the MOE.

Because we maintain the imperfect cognition friction, the entire preliminary analysis of
Section 3 in BHW goes through, under the maintained assumption that the price is bounded,
continuous, and piecewise continuously differentiable. The key difference with BHW is that,
upon an information event, a trader can only submit market orders to buy and sell or, equiva-
lently, that a trader’s asset holding has to stay constant in between information events, ¢;, = ¢+
for all uw > t. Plugging this restriction into the inter-temporal payoff, equation (6) page 14 in
BHW, we obtain:

V(g) = Eyg {/000 et /too e_(T+p)(“_t){Et [V(Ou, @1t)] — §uqt7t} du pdt} ) (I1.1)

As is the case in the LOE of BHW, it is clear from the above expression that an asset holding
plan is optimal if and only if it maximizes the expected utility of a trader from one information

event to the next. That is, upon an information event at time ¢, the trader picks a constant



asset holding plan, g, in order to maximize:

(7“ + p) / e~ rtp)u=t) {Et [U(Qu, Qt,t)] - qut,t} du = 5(97 Qt,t) - tht,t, (H-Q)
t

where

&=(r+ p)/ e~ TP =te  dy (IL.3)

t

is the average holding cost incurred by the trader until her next information event and where

direct calculations* show that

v(h,q) = v(h,q)

. rto y
o(l,q) = mv(& q) + mv(h, q).

With market order, the market clearing condition becomes:

PhineE [Qt,t |0, = h} + p(1 — Mht)E[Qt,t |6, = 4 = ps, (I1.4)

which is obtained by differentiating equation (8) in BHW. The intuition for (I.4) is straight-
forward. At each point in time, there is a flow puy; of high-valuation investors who experience
an information event, with a gross asset demand equal to E [g;+ |6 = h], which leads to the
first term on the left—hand side of (I1.4). The second term is, symmetrically, the gross demand
of low—valuation investors. To calculate the gross supply, we note that, since the investors
experiencing an information event at time ¢ are drawn at random, their average asset holding is
equal to s, the economy—wide per capita asset holding. This results in the (flow) gross supply
ps, on the right—hand side of (IL.4).

After canceling p from both sides of (I1.4), one finds a market—clearing condition which
is formally the same as the market-clearing condition in the perfect cognition case.® Taken
together with the objective (I1.2), this remark implies that the equilibrium equations for a
MOE are the same as in the perfect cognition case but after replacing & by & and v(6,q) by
0(0,q). Then, all the analysis of Section 2.3 in BHW goes trough. In particular, investors who

4These calculations are special cases of the ones conducted at the beginning of Section IX.1.1, page 72, after
letting v, = v and ~y, = 0.

5Tts meaning is different, of course: with imperfect cognition and market orders, the market is not clearing
among all investors, but only among the flow of investors experiencing an information event.



experience an information event with a low utility hold:

(s = ptne) /(L — pwe)  if t < T
Qi = : t (IL.5)
0 if t > T,

while investors who experience an information event with a high utility hold:

1 ift<T,
qnt = (I1.6)
s/qni, on average, if t > T,

Also the average holding cost is:

- 1o () i<,
§ = 0g(ls qut) = "
1 if > 7.,

To recover p; from &, we take the derivative of (IL.3). These calculations lead to:

Proposition I1.1 (Market order equilibrium.). There exists a MOE. The equilibrium allocation
is described by equations (11.5) and (11.6), and is unique up to the distribution of asset holdings

among high—valuation investors after Ty. The price is continuous and satisfies the ODE

rp (s—uhtﬂHm(l—s) 1

r+p+7 \1— pn r+p S — fn

t<Ty: &=rp—pr=1-0

t>Ts: &=rp=1.

Note that, if ¢ € (0,1), & — —oo when t — T, . Nevertheless, the integral p, =
ftoo G*T(“’t)fu du remains well defined, because in a left neighborhood of T, & = O ([TS — t]*(lfﬂ))'

I1.2 Properties of the MOE

Price. One sees that, in the MOE, the price recovers to its long run value of 1/r at time
T < T, earlier than in either the ATE or the LOE. In some sense, the price appear more
“resilient” in the MOE than in the ATE or the LOE. Also, when the price reaches 1/r, it grows
very quickly: p;/p; > r at t = T,. This property is illustrated in Figure 1 which plots p;/p; in
the case where 0 = 0.3. Since o0 < 1, the holding cost & goes to —oo when ¢ approaches T from
the left by Proposition II.1, thus the growth rate of the price becomes infinite. In particular,
the price grows at a much higher pace in the MOE than in the ATE or the LOE just before T.

This larger growth rate underlies traders’ incentives to submit limit orders. Indeed, if let us
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Figure 1: Growth rate of the price, when o = 0.3

allow a single low—valuation investor in the MOE to submit limit orders. Upon an information
event around time T, the investor anticipates that the price will grow very quickly. To reap
the associated capital gains, he will find it optimal to buy lots of assets with a market order,
and re-sell them with a limit—order to sell at pr,, executed at time 7%.

If all investors are allowed to submit such limit—orders and engage in the above described
buy-low sell-high trading strategy, two general equilibrium effects arise. First, there is an
increase in demand before T, and, second, there is an increase in supply after T,. The first
effect tends to increase the price before Ty, while the second effect tends to decrease it. This
second effect explains why, in the ATE or the LOE, the price takes more than Ty periods to
recover. Taken together, the two effects reduce the growth rate of the price around 7.

Another property which is worth mentioning is that social welfare in the ATE or the LOE

is strictly higher than in the MOE.® At the same time, price recovery is slower.

Trading volume. The trading volume in the MOE, in the ATE, and in LOE, are plotted
in Figure 2. We observe that, for u < T}, the trading volume in the MOE and in the LOE
are exactly equal. This is because no limit orders are executed before T}, in the LOE, so the
allocation and the trading volume do not depend upon whether limit orders are available or
not. For u € (Ty,Ty), the trading volume is lower in the MOE than in the LOE, because limit
sell orders are executed in the LOE but not in the MOE.

After T}, the volume falls rapidly to zero in the ATE and in the LOE, while it remains well

above zero for a while in the MOE. This is because in the former cases, low—valuation traders

6This is because the MOE allocation is feasible for the planner in the social welfare maximization problems
of Proposition 2, page 19 in BHW, and for the one of Lemma VII.20, page 43 in this Addendum.
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Figure 2: Trading volume, when o = 0.3

who already have had an information event have already sold their asset with limit sell orders.
By contrast, in the MOE, they have to wait another information event to sell, which explains
why trading does not stop after 7. Although the price converges faster in the MOE, trading

lasts longer and the reallocation of asset takes more time.
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III Indivisible assets

In Biais and Weill (2009, henceforth BW), we solved for an equilibrium with limit orders only,
under the restrictive assumption that traders can hold either zero or one unit of the asset. In
this section we compare the predictions of this indivisible asset model with the predictions of
our new divisible asset model (Biais, Hombert, and Weill, 2010, henceforth BHW).

In all what follows we call the first equilibrium of BHW (Proposition 1, page 18 in BHW)
an Algorithmic Trading Equilibrium, or “ATE”, because it is implemented using algorithms.
Similarly, we call the second equilibrium shown in BHW (Proposition 9, page 30 in BHW) a
Limit Order Equilibrium, or “LOE”, because it is implemented using limit orders only. We
show that the ATE and LOE equilibria of BW and BHW can differ in important ways. First,
the asset holding restriction of BW implies that traders cannot split their orders. In BHW, by
contrast, there is order splitting in equilibrium: traders submit entire sequence of orders so as
to slowly and continuously unwind their holdings. Second, we find that in the ATE of BW,
asset holding plans are always hump shaped, while in some cases of BHW they can be strictly
decreasing. In other cases, however, the asset holding plans and price path of BW and BHW
are very similar: in particular, we show that when ¢ — 0, the divisible asset equilibrium of

BHW converges to the indivisible asset equilibrium of BW.

III.1 BW vs BHW’s preferences

In BW, traders can hold either zero or one unit of the asset. If they hold zero unit, their utility
is normalized to zero. If they hold one unit, their utility is equal to 1 when in the high state,
0; = h, and equal to 1 — § when in the low state, 6, = /.

In BHW, by contrast, investors can hold any positive quantity of the asset. When in the
high state, 6, = h, their flow utility is:

v(h,q) = q, for all ¢ <1, and v(h,q) =1, for all ¢ > 1.

When in the low state, 6, = ¢, the flow utility is:

140

U(£7Q):q_6q

1o forall g <1, and v(¢,q) =1—-6/(1+ o), for all ¢ > 1,
o

where 0 € (0,1) and o > 0.
To understand the convergence results of this section, it useful to note that, when o — 0 in
BHW, the flow utilities becomes v(h, q) = min{q¢, 1} and v(¢,q) = (1 — §) min{g, 1}. This lim-

iting “Leontief” specification is evidently closely related to the “indivisible asset” specification
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of BW. On the one hand, because of zero marginal utility for ¢ > 1, in equilibrium traders find
it optimal to keep their holdings in [0,1].” On the other hand, because of linear utility over
q € [0,1], in equilibrium traders find it optimal to hold either zero or one unit of the asset.
With this in mind, then, it is not surprising that the equilibria derived in BHW converge to
their BW’s counterparts as o — 0.

II1.2 The ATE

We start by solving for the ATE when assets are indivisible, an equilibrium concept which was

not considered in BW.

Proposition III.1 (ATE with BW’s preferences). For each u € [0,Ty|, let ¢} be the unique

solution of:

s, u
/ pe Pt (1 — ppe) dt = / e Pu=t) (s — ppe) dt.
0 0
Let p; be the continuous price path solving the ODE:

1- u
5o Hhu

u<Tfr: rpf—pf=1-—

u>Ty: rp, =1.
Lastly consider the time—t asset holding plan when 0, = £:

G = lu<ysy if  t€ (0,7, forall weltTy)
=0 if te(0,00), forall we [TVt 00),

and, when 0; = h:

g, =1 if  te€(0,T%], forall welt, o0)

= 1 with proba i, if te[ly,00), forall welt 00).
Hht

Then, the price p; and asset holding plan q;,, is an ATE with BW'’s preferences.

In the proof of the proposition, in Section 1X.2.1, page 77 of this supplementary appendix,

we establish two additional results. First, as in BHW, the price is strictly increasing until 77,

"This is not true in general, however: zero marginal utility flow above a certain threshold does not imply
that equilibrium asset holding are always less than the threshold. See Weill (2007) for an example.
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Figure 3: The function ;.

and constant thereafter. Second, as illustrated in Figure 3, the function v is less than u,
hump-shaped, and achieves its maximum at u = Tj.

Before turning to the comparison with BHW, let us describe the holding plan of a low—
valuation trader. The only interesting case is when the information event occurs at ¢ < Ty —

the other cases are essentially the same as in BHW. There are two sub-cases:

o [ft < w:*pf: from Figure 3 one sees that, when ¢ < 17, there exists two times u; < uy
such that ¢ = 4y =t. For all u € (u1,us), we have t < 4y, while for u € [t,u;] and
u € [ug,00), we have t > 9. This means that the trader holds zero assets from time ¢
to time uq, one unit from time u; to time wuy, and zero units after time u,. Because the
price is strictly increasing, this asset holding plan is implemented as follows: sell all your
assets with a market order at the information event time ¢, buy one unit with a market
order automatically triggered at time u;, and sell one unit with a limit sell order at price

Pu,y, €xecuted at time wus.

e If t € (Y7, Ty]: from Figure 3, one sees that ¢} <t for all u € [¢,T}), and so g, = 0.

Comparison with BHW. Perhaps the main substantive difference is that, in BW, traders
never split their order. This is because BW exogenously restrict asset holdings to be either
zero or one, implying that all trades must have the same block size of one. In BHW we relax
this restrictive assumption and obtain equilibrium trading strategies featuring order splitting:
traders find it optimal to submit entire sequence of limit and triggers order, so as to slowly and

continuously unwind their asset holdings.®

8Technically, in BW asset holdings are discontinuous, while in BHW they are continuous. Continuity in
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Another difference concerns the asset holding plans of low—valuation traders. In the ATE of
BW, for t < 47, the asset holdings take the form of a hump-shaped step function: first zero,
then one, and then zero, as illustrated in Figure 4. When s < ¢/(1 4 o), this step function
is qualitatively different from the asset holding plans of BHW: indeed, with these parameters,
BHW’s asset holdings plans are strictly decreasing, instead of hump-shaped in BW. When
s > 0/(1+ o), however, BW’s asset holdings can be viewed an extreme version of the smooth
hump-shaped asset holding of BHW. In particular, Figure 4 illustrate that in BHW, for some
parameters, low—valuation traders’ asset holdings increase continuously until reaching ¢;,, = 1,
then stays equal to one for some time, and then continuously decrease their asset holdings until
reaching ¢, = 0 at time u = Ty. The similarity with BW’s step function is clear from the
figure. Also, in both BHW and BW, there is undercutting: low—valuation traders submit limit
sell orders at lower and lower prices.

As argued before, similarities between BW and BHW should be expected for small o.
The next proposition makes that point formally and shows that for o close enough to zero, the
smoothly increasing and decreasing portion of the BHW’s asset holding plan become arbitrarily

close to vertical lines, and BHW'’s equilibrium asset holdings converges to that of BW:

Proposition II1.2 (Convergence of the ATE.). Consider the ATE in BHW and let o — 0.
Then the average asset holding plans, E [g;. |6:], and the price path, p;, converge pointwise,
almost everywhere, towards the average asset holding plans E [qfu | Qt} and price path p; of
Proposition I11.1.

We have convergence “in average holding plan” because, at t > T}, high-valuation traders
are indifferent between any holding plan ¢, € [0, 1], and so only the average asset holding plan
is determinate.

Lastly, let us note that an obvious difference between BW and BHW concerns the asset
holding plan of high-valuation traders after time 7T%: because they can only hold zero or one
unit, market clearing require that they randomize between a market order for one unit, and
no market order, with probability s/u,. But this difference is inessential: in BHW, such
randomization is also an optimal strategy, given that high—valuation have linear utility and,

after Ty, are indifferent between holding any quantity ¢ € [0, 1].

ITI1.3 The LOE

Turning to the LOE, we start by recalling the main result of BW:

BHW arises because marginal utility decreases strictly and continuously in ¢ € [0,1]: this implies that, in
response to continuous changes in the holding cost £,, traders change their asset holdings, g; ., continuously.

15
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Figure 4: ATE asset holdings for low—valuation traders who experience an information event at
time ¢. The red dashed curve represent a typical equilibrium asset holding from BHW, and the
blue thick curve represent the typical equilibrium asset holding in BW.

Proposition II1.3 (LOE in BW.). For each t € [0,T}|, let ¢; be the unique solution of

h
/ pe P9 (s — yipy) du = 0.
t

Let p; be the continuous price path solving the ODE:

d 1 ?F
t<Ts: mpf—pi=1-064+6— )=t (1 — ) d
Py — Pt + dt L —Mht} /t € (1 — pnu) du

1—
5 ILLht

te(Ty,Ty): rpf —p;=1-—
! o 1= ey

t>Tf: rp, =1

Lastly consider the time—t asset holding plan when 0, = ¢:

G = Lusgyy with proba i :ZZ if te(0,Ty), forall wé€lt,o00)
=0 if te[Ts,00), forall we€ |t 00),
and, for 6, = h:
4, =1 if  te(0,Ty], forall we€lt, 00)

=1 with proba i, if tel[Ty,00), forall welt 00).
Hht
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Then, the price p; and asset holding plan q;, is an LOE with BW’s preferences.

The comparison between BW and BHW goes along the same lines as in the previous section.
First, in BW, traders never split their orders. In BHW, by contrast, there is order splitting:
traders submit entire sequences of limit sell orders so as to be able to unwind their asset
holding slowly and continuously. Second, in both BW and BHW (for small enough o), there is
undercutting: limit sell orders are being submitted at lower and lower prices.

Lastly, in BW, we have randomization: to clear the market with indivisible assets, it is
sometimes necessary to have identical investors behave differently. But, as argued earlier, this

difference is somewhat inessential.” We conclude this section with the convergence result:

Proposition III1.4 (Convergence of the LOE.). Consider the LOE in BHW and let ¢ — 0.
Then the average asset holding plans, E [g:., | 6:], and the price path, p;, converge pointwise,

almost everywhere, to the average asset holding plans E [qz‘u | Ht] and price path p; of Proposition
I11.5.

We have convergence “in average holding plan” for two reasons. First, as before, after time
Ty high-valuation traders are indifferent between any holding plan ¢, € [0, 1], so only the
average asset holding is determinate. Second, before time T}, low—valuation traders choose the

same holding plan in BHW, while they randomize between different holding plans in BW.

9Randomization occurs, as in the ATE, for high-valuation traders who experience an information event at
time ¢ € (T, 00). But, differently from the ATE, it also occurs for low—valuation traders who experience an
information event at time ¢ € (0,Tf). As shown in BW, a fraction of low—valuation trader hold on to their asset
and submit a limit sell order, while the complementary fraction sells. In BHW, by contrast, since low—valuation
traders utility flow is strictly concave, randomization is strictly suboptimal. In particular, instead of randomizing
between 0 and 1, all low—valuation traders choose the same asset holding plan. But this difference is somewhat
inessential: if one were to replace the indivisible asset preference of BW by the essentially equivalent “Leontieff”
specification, v(h,q) = min{q, 1} and v(¢,q) = (1 — §) min{q, 1}, then we could construct an equilibrium based
on the same price path as in Proposition II1.3 and without randomization.

17



IV  Equilibrium with recurrent liquidity shocks

In this section we propose an extension Biais, Hombert, and Weill’s (2010, henceforth BHW)
model with recurrent aggregate liquidity shocks. We solve for a limited cognition equilibrium (as
in Proposition 1, page 18 in BHW), and we provide closed—form expressions for all equilibrium
objects. A numerical example illustrates that the results of the basic model are robust to the
introduction of recurrent aggregate liquidity shocks. Our example also suggests that recurrent
liquidity shocks have quantitatively important effects on the long—run level of the asset price.

BHW makes the simplifying assumption that high—valuation traders derive linear utility
flows for the asset forever. With recurrent shocks, this assumption is relaxed, as high—valuation
traders “effective” utility flow becomes non linear. Indeed, they anticipate the arrival of periodic
liquidity shock, causing them to derive strictly concave utility for the asset. We find however
that our results remain qualitatively similar with linear and non—linear high—valuation utility
flow. This suggests that BHW’s conclusion are robust to the introduction of non-linear utility

flows.

IV.1 The setup

We consider the model of Biais, Hombert, and Weill (2010, henceforth BHW) with one modifi-
cation: instead of assuming that the liquidity shock occurs only once and is unanticipated, we
assume liquidity shocks occur recurrently at random times, and are rationally anticipated by
traders.

Our model of recurrent aggregate liquidity shocks is similar to that of Duffie, Garleanu,
and Pedersen (2007). We assume that aggregate liquidity shocks hit the economy at Poisson
arrival times with intensity x > 0. As in our basic model, when a shock hits, investors switch
to the low—valuation state and recover later at independent exponential times with intensity ~.
Differently from the basic model, however, traders rationally anticipate a new liquidity shock
may hit at any time.

We consider the market setup of Section 3, page 11 in BHW. That is, the only constraint
on traders’ asset holding plans is the limited cognition friction. We assume, however, that
when an aggregate liquidity shock occurs, a trader cancels all of her unfilled orders, and keep
her asset holding constant until her next information event. This assumption simplifies the
analysis, and it also captures the intuitive notion that, when a large aggregate liquidity event
occurs, institutions may “withdraw” from the market in order to analyze the new shock until
they reach a trading decision. This is in line with evidence from the “flash crash” that hit the
US equity markets on May 6, 2010: the Securities and Exchanges Commission (SEC, 2010)

reports that automated trading systems paused in reaction to the sudden price decline in order
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to allow traders and risk managers to fully assess the risks before trading was resumed.
In all what follows, the time index, either “t” or “u”, denotes the time elapsed since the last

aggregate shock. We focus on stationary equilibria in which:
e The price only depends on the time ¢ elapsed since the last aggregate shock.
e Time-t low-valuation traders choose the same asset holding plan, gz .

e Time-¢ high-valuation traders choose the same asset holding plan, gy ¢ .

IV.2 Market clearing

Consider the economy at time u, i.e., u periods after the last liquidity shock. The population

of traders can be partitioned in two sub-population:

e First, there is a measure 1—e™"" of traders who have not yet received an information event.
By assumption these traders have kept their asset holding constant since the last liquidity
shock. Thus, they constitute a representative sample of the asset holding distribution one
instant before the last liquidity shock. In particular, since the market clears one instant

before the last liquidity shock, their average asset holding must be equal to s.

e Second, there is a density pe = of investors who had their last information event ¢
periods after the last liquidity shock. Among these traders, a fraction 1 — uy; have a
low valuation and hold ¢, at time u, and the complementary fraction s, has a high

valuation and hold g ¢, at time u.

Taken together, the above remarks imply that the market clearing condition is:

(1 — 67'0“) s+ / pep(Ut){(l — Mht)qetu + Mthh,t,u} dt = s,
0

which becomes, after rearranging;:

/ pe_p(u_t){<1 — Mhe) et + Mthh,au} it = / pe_p(u_t)s dt, (Iv.1)
o 0

the exact same market—clearing condition as in BHW.

IV.3 The trader’s problem

When an information event occurs at time ¢, a trader picks her asset holding plan until her

next information event. The plan is unrestricted, as long as no further liquidity shock occurs.
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If a liquidity shock occurs, the trader cancels all her unfilled orders and keeps her asset holding
constant until her next information event. With this in mind, we show in Section 1X.3.1 that

a trader’s expected utility from time ¢ until her next information event is:

/ 6_(r+p+’€)(u_t) {Et [U(9u7 qt7u)] _I_ HW(Qt,u) - qut,u} du, (IVQ)
t
Where fu = TPu — pu - "'i(pO - pu) (IV3)

is an adjusted holding cost at time u, and where W (q) is the continuation value (net of holding
costs) of a trader who holds ¢ units of assets from the beginning of a liquidity shock, until her
next information event. As was the case in BHW, an optimal asset holding plan maximize the

objective (IV.2) pointwise. That is, ¢;, maximizes:

E [v(0u, @) | 0t + EW (@) — Eultu-

Note that this problem is very similar to that of BHW, with adjustments reflecting the trader’s
rational expectations about future liquidity shocks. Namely, when a liquidity shock occurs at
time u with intensity &, the trader’s continuation utility is W(q,,), and the drop in asset price
results in the capital loss p, — po.

We conclude this section with an explicit expression for the marginal continuation value,
W,(q), derived in Section IX.3.1, page 81:

Lemma IV.1 (An expression for W,(q)). The derivative of W (q) with respect to q writes:

1 d(r+p+k)

W,(q) = —-C
o) +r+p r+p+rK+7

q° when ¢ <1; and W,(q) = —C when ¢ > 1, (IV.4)

where C' = —L“;;p”‘ J e et du.

The discontinuity of the marginal continuation value, W, (q), arises because traders’ utility
flow functions have a kink at ¢ = 1. This is just as in BHW. Note however that, in contrast with
BHW, the continuation value W (q) injects some curvature in the problem of a high—valuation

investor.

IV.4 Solving for equilibrium

We already noted two striking similarities with BHW: the market—clearing condition is the
same, and the trader’s problem takes a similar form. This suggests that the equilibrium with

anticipated recurrent shock is likely to resemble the equilibrium with a one-time unanticipated
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shock. To make this point more formally, in this section we provide closed—form formulas for
equilibrium objects.
First, let us note that, if 8; = h, the trader’s objective does not depend on ¢, which allows

us to write gty = qn. Also, as in BHW:
Lemma IV.2 (Bounded holdings). In equilibrium, at all times, qp., and g, lie in [0, 1].

Otherwise, if some trader found it optimal to hold a quantity strictly greater than 1, then
given our preference specification all investors would find it optimal to hold at least 1, which

would contradicting market clearing. Therefore

Qhu = Min{Qp., 1} and gguy = min{ Q¢ , 1},

4

where Q) ,, and @y, solve the first-order condition of an “unconstrained” trader’s problem:*°

1 o(r+p+k) )
0=1 4r(—C+ _ o ) ¢
R( r+p (T+p)(r+p+ﬁ+v)Qh’“ :
et 1 S(r+p+kK)
0=1—gde w2 <—O — v )— u
C G O S T R o p ) ) T

Subtracting one equation from the other, one immediately sees that:

Lemma IV.3. In equilibrium, at all times, Q¢ = ¢ yQhu, where:

(r+p)r+p+r+7) e—'y(u—t)) e

+=11
o= (L

(IV.5)
The next step is to substitute g5, = min{Qp., 1} and gsr, = min{oy ,Qn., 1} into the
market—clearing condition (IV.1). This leads to a simple one—equation—in-one—unknown prob-

lem for Qp

/ pe_p("_t){(l — ppe) min{ e Qo , 1} + ppe min{Qpp, 1} — s} du = 0. (IV.6)
0

This equation is easily shown to have a unique solution — all the details are in Section 1X.3.2,

page 83. Next, using the first-order condition for () ,, we obtain that the price solves the
ODE:

o — fu — g — )7£7T+p—i—/{_ Ok(r + p+ k)
Pu Pu Po Pu) = Qu = T+p (r+p)(7‘+p+l-€+’y)

Q5. — KC. (IV.7)

0Precisely, this “unconstrained problem” ignores the kink at ¢ = 1 and artificially assumes that, for ¢ > 1,
the utility flow and the continuation value have the same functional form as for ¢ € [0, 1].
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We are not done yet, however: indeed, p, appears on the left-hand side of the equation, and
the constant C' is a function of the the entire path of &, which is itself a function of C. In
Section 1X.3.3, page 84, we show that these fixed—point problems can be solved analytically,
leading to:

Lemma IV.4. The price process satisfies the ODE, for all t:

, K Ok(r 4+ p + K)
T+ K)py — Py =1+ — —
( Jpu =P ro(r+p)(r+p+r+7)

Ok*(r+K)(r+p+ k)

- —(r+k)z —(r+p+k)z o
— e —e dz.
r(r+p)(r—|—p—|—/£+’y)/0 ( ) @

Qhu

IV.5 Comparison with BHW

We can solve numerically for the equilibrium @), by following the steps outlined in Section
[X.3.2. To solve numerically the ODE for the price, we go in two steps: first, we compute pr._._
for some Ty > 0 large enough. Second, we solve the ODE for ¢ € [0, Tyay] using a Runge-
Kutta algorithm. In both steps we need to integrate the function of ()}, in the neighborhood
of infinity. For this we solve numerically for @, for all u € [0, Ti,.x], and we use a first-order

approximation for v > Ti,.x. The details are explained in Section 1X.3.4, page 84.

IV.5.1 When aggregate shocks occur on average every 4 months

We plot in Figure 5 the equilibrium strategies and the price path for aggregate shocks occurring
at a quarterly frequency on average: k = 4. We let ¢ = 0.3 and otherwise choose the same
parameter values as in Table 1. Our computations illustrate that, although equilibrium objects
are analytically more complicated than in BHW, they are qualitatively very similar. The
computations also indicate that the effects of recurrent liquidity shocks on the long-run price

level are quantitatively significant.

High—valuation traders. Asin BHW, high-valuation traders hold one unit before 7%, and
have a decreasing average holding after 7%. There is one difference with BHW: because of
the curvature induced by the continuation value W (q), high—valuation traders are no longer

indifferent between any asset holding after 7.

Low—valuation traders. The holdings of low—valuation traders are hump—shaped, just as in
BHW.
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Figure 5: Asset holdings (top panel) and price path (bottom panel) with recurrent shocks when
k=4

Price path.  There are some notable differences for the price path. First, the expectation

of future liquidity shock results in a permanent negative level effect — the long—run price level
decreases by 9.5%. Another difference arises because of the curvature due to the continuation
value W(q) in the utility flow: after time T}, high-valuation traders’ holdings decrease, their
marginal utility flow increases, and hence the price path continues to increase. This last feature
of the price path is, however, not discernible at the scale of the figure. This is because shocks

are not very frequent, so the prospect of future liquidity shocks injects very little curvature into
high—valuation traders’ utility flow.

IV.5.2 When aggregate shocks occur on average every 10 days

Figure 6 plots the same objects when aggregate shocks occur every 10 days on average: k = 25,
keeping all other parameter values the same as before. Since the intensity at which traders
switch from low— to high-valuation is also v = 25, a trader has a 50% chance to recover from

a liquidity shock before the next liquidity shock hits, and a 50% chance that a new aggregate

shock occurs before he has recovered from the previous one. The equilibrium objects are

quite similar to the previous case, with two noticeable difference. First, recurrent shocks have a

quantitatively large impact on the long-run price level: it is now about 42% lower than in BHW.
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Figure 6: Asset holdings (top) and price path (bottom) with recurrent shocks when x = 25

Second, low—valuation traders have strictly positive and increasing asset holdings after time 7.
Intuitively, the long-run price level is lower than before and so low—valuation investors find it
profitable to hold some asset. To put it differently, all traders anticipate to receive aggregate
shocks frequently and have their valuation “re—set” to the low state. This reduces the difference
between the expected utility flows of high— and low—valuation traders. As a result equilibrium

holdings of high—valuation traders decrease and the holdings of low—valuation traders increase.
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V Positive liquidity shocks

In this section we show that our setup features a natural symmetry: an equilibrium with positive
liquidity shock can be deduced from the equilibrium with negative liquidity shock after a simple
change of variable. In particular, the price with positive liquidity shock is just the symmetric
of the price with negative liquidity shock, with respect to the long run value of 1/r.

W~ n

In all what follows, we use the tilde notation to distinguish variables in the positive
liquidity shock model from their negative liquidity shock counterparts. To simplify the expo-
sition we consider a setup where asset holdings must belong to the interval [0, 1]. Clearly, this
is without loss of generality in Biais, Hombert, and Weill (2010, henceforth BHW) as traders

always find it optimal to keep their asset holdings less than one.

V.1 The positive liquidity shock model

The setup is exactly the same as BHW'’s, except for the fact that the liquidity shock is positive
instead of negative: at time zero, investors make a transition to a high-marginal valuation state,
and keep a high—valuation for independent random exponential times with intensity v. When
in the high state, an investor’s flow utility for holding ¢ € [0, 1] shares of the asset is:

- ~ 1_(1_@)1—&-0
h,q) = 4]
0(h,q) =4+ o

(V.1)

When in the low state, it is 6(!7, ¢) = 4. Relative to the low state, the high state has both higher
utility and higher marginal utility. Also, note that the high and the low state play opposite
role as in BHW.

As in BHW, after defining the holding cost é = 1Py — Pu, We obtain the trader’s inter-

temporal valuation net of the cost of buying and selling assets:

E { /0 T /t “E, [@ (éu, q},u) . éuqt,u} du pdt} . (V.2)

The market-clearing condition is exactly as in BHW after replacing h by  and ¢ by h:

/0 pe_p(“_t){(l — ui)E [ijt,u 16, = 71] + p;,E [cjm 16, = Z] - §} du =0, (V.3)

where § = 1 — s. Equilibria with limited cognition are defined in the same way as in BHW.
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Positive liquidity shock Negative liquidity shock

9~u:/~1 — 0,=7¢

0, =1 - 0u=h
u — §u=1+(1-E)
s — s=1-—35
(jt,u — Qt,uzlfqt,u

Table 2: The change of variables.

V.2 The change of variables

To solve for an equilibrium, we make the change of variables summarized in Table 2. The
details are intuitive: we interchange the role of the high and the low state, we replace 1 — ¢ in
the utility flow functions by ¢, and we take the symmetric of the holding cost &, around the
long run value of 1, i.e. & =14 (1 —¢&,).

First, let us make the change of variables in the utility flow net of cost, 17(@, Gtu) — éucjm, in

terms of our newly defined variables.

NP : . - 1—(1—qu)'™ -

Hua w) — Quitu = qtu L5 540 : — Quftu

0(Ou; Gru) — Sultw = Gru + Lig, iy l+o &u,
=1 )+ P2 [1+(1—¢&)](1 )
- Gt {0u=t} 1+o U qtu

q1+0
¢~ lo=n07 5 §qt,u+<1+a{eu 0 +§>
El:(;u)

= v(@u, Qtyu) - éuqt,u + k(eu)

But k(6,) is a constant function of the valuation state, over which the trader has no control.
Clearly, this means that, after making the change of variable, the investors’ objective is, up to
a constant, the same as in BHW. Furthermore, the constraints on asset holding plans are also
the same as in BHW. When the only constraint on asset holding plans is the limited cognition
friction (as in Proposition 1, page 18 in BHW) this is obvious. When traders can only submit
limit orders at the time of information events (as in Proposition 9, page 30 in BHW), this is
also true: indeed, the change of variable simultaneously switches the monotonicity of both the
price and asset holding plans. Suppose, for instance, that p, is strictly decreasing for some set
of times. In that case only limit-buy orders can be executed and so the asset holding plan, g; ,,
has to be increasing. But then the transformed price, p, = 2/r — p,, is strictly increasing, only
limit-sell orders can be executed so that the transformed holding plan, g, = 1 — G, has to be

decreasing.
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Second, let us make the change of variable in the market—clearing condition (V.3):

/ pep("t){(l ~ 1)E |G |0, = B] + 1 |G| 6, = 2] - 5} du —0

0

<:>/ pe—p(u—t){(l — Mht)]E [1 — qt,u | 91& = g] + ,uht]E [1 — qt,u | Qt = h] — (1 — S)} dUZO
0

:)’/ pe—p(u—t) { (1 — ,LLht)]E [Qt,u | Qt = é] + ,uhtE [qtu | Qt = h] — S} du :0
0

which is the same as the market—clearing condition of BHW.
Taken together, we find that, after making the change of variables, the trader’s problem

and the market—clearing conditions are the same as in BHW. This allows us to conclude that:

Proposition V.1 (Positive liquidity shocks). Given the equilibria of Proposition 1 and 9 in
BHW’s negative liquidity shock model, one obtains corresponding equilibria in the positive lig-

widity shock model after making the change of variables of Table 2.

27



VI Continuity of the price path

In this section we establish that, with limited cognition, when traders can submit algorithms
and/or limit orders, the price path must to be continuous. We consider price paths which
can be non-monotonic, have kinks, and jumps. But to simplify the analysis we rule out some
pathological cases. Namely, we impose two regularity conditions. First, at any point, the price
is either left— or right—continuous: i.e., if p,+ # p,, then p,- exists and is equal to p, and vice
versa if p,- # p,. The second regularity condition is that, in any finite time, the price has finite

(but possibly arbitrarily large) number of monotonicity changes, jumps, and kinks. Formally:

Condition 1 (Well-behaved price path). At any time u, the price p, is either left— or right-
continuous. And, for any finite time t, there exists 0 = tg < t; <ty < ... < tg =t such that:
in every interval (ty, ty11), Pu €xists, is continuous, has finite limit to the right of t; and to the

left of tiy1, and does not change sign, i.e., either p, =0, p, <0, or p, > 0.

After imposing these regularity conditions, we are left with a broad class of admissible price
paths. To the best of our knowledge it includes all the price paths arising in the various models
studied in the finance—search literature. In particular, it includes the equilibrium price path of
Weill (2007) which in some cases features one kink or one jump.

We let tg < t; < ty... <t < ... be the boundary points of the mazimal intervals where
the above properties hold. That is, for all ¢;, the price has either a kink, a discontinuity, or
its derivative is zero. We call these maximal intervals spots. We let an wncreasing spot be an
interval where the price is strictly increasing. Similarly, we let a decreasing spot be an interval
where the price is strictly decreasing. And, lastly, we let a flat spot be an interval where the
price is constant.

In all what follows we call the first equilibrium concept of BHW (Proposition 1, page 17
in BHW) an Algorithmic Trading Equilibrium, or “ATE”, because it corresponds to the case
where traders can implement their asset holding plans using algorithms. Similarly, we call the
second equilibrium concept of BHW (Proposition 8, page 27) a Limit Order Equilibrium, or
“LOE”, because it correspond to the case where traders can only submit limit and market

orders when their information event process jumps.

VI.1 Continuity of the price in a ATE

Suppose by contradiction that the price path jumps upwards at some u > 0. Consider for
instance that p, < p,+ (the case p,- < p, is identical after replacing u by = and u' by u
everywhere in the following arguments). We show that investors’ asset demand is unbounded

at time u which contradicts market clearing given that investors’ can’t short-sell. Formally, we
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show that given any K > 0, for almost all w € Q, if 7, € (0,u) then ¢,,, > K. Indeed, for any

given K consider
C:{w €Q:7,>0, and ¢r, 4 < K},

and the following deviation. At your first information event before u, submit a trigger order
to buy K additional unit of the asset at time u, executed at price p,, and a trigger order to
sell these assets just after time wu, executed at price p,+. Then, asset holdings at time u are
¢r,u + K > K. Since the investor enjoys some positive utility from holding these extra K
units, the net change in expected utility is greater than the profit from buying at price p, and

re-selling at price p,+. Thus the expected utility of the deviation is more than
E [Ice ™ (pu+ — pu) K| = P(C)e™ ™ (pu+ — pu) K > 0.

But the expected utility of the deviation is negative when the holding plan is optimal, implying
that P(C) = 0. Since the other investors have 7, = 0 and thus hold s unit of the asset, this
contradicts market clearing.

Similarly, if the price jumps downwards at some v > 0, we can follow the same lines of
reasoning to show that for any ¢ > 0, for almost all w € Q, if 7, € (0, u] then ¢, ., < €, implying

that ¢, ., = 0. Again, this contradicts market clearing.

V1.2 Continuity of the price in an LOE

In the case of a LOE, the proof has a similar logic but turns out to be much longer. The reason
is that traders have access to a smaller menu of orders than in the ATE, so it is not as easy,
and sometimes not possible, to “arbitrage the jump.” To see why, suppose that p,+ > p,, but
that the price is increasing before time u. In the ATE, investors could “arbitrage the jump”
by submitting a trigger order to buy at time u, executed at price p,, and a trigger order to sell
at time u™, executed at price p,+. In a pure limit order market, while may still be possible
to “sell high” with a limit sell order at price p,+, it is no longer possible to “buy low” with a
trigger buy order just before u, as triggers are not available.

To rule out an upward jump, in Section VI.2.1, we restrict attention to the subpopulation of
investors who have an information event shortly before u, and who can arbitrage the jump by
submitting a market order to buy and a limit—sell order at price p,+. Namely, we show that if
Put+ > Pu, then the asset demand of this subpopulation would be unbounded, which is sufficient
to contradict market clearing.

The case of downward jumps creates additional complications: indeed, because of the short-
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selling constraint we can’t rely on making the symmetric argument that the supply would be
unbounded. To rule out a downward jump, in Section VI.2.3 we make a different argument.
We show that while traders who have an information event can’t supply unbounded amount of
the asset, they find it optimal to supply all of their holdings. On the other side of the market,
no other trader want to buy: because of the downward jump, all these potential buyers find it

optimal to buy at the lower post-jump price.

VI.2.1 The price cannot jump up

Suppose by contradiction that p, < p,+. Then, there exist some t and 1 > 0 such that
e p, <e ™(pu+ —n) forall z e (¢ ul. (VL1)

We now show that investors’ asset demand is unbounded at time u. Given any K > 0, for

almost all w € Q, if 7, € (¢, u] then ¢, , > K. Indeed, for any given K consider
C :{w €7 € (tul, and ¢ < K},

and the following deviation. Buy K additional unit of the asset when the information process
jumps at date z for the first time during (¢,u), and re-sell these assets at time u* with a limit
order at price p,+ — n/2 which, by our choice of ¢t and 7, is executed at time u*. Then, asset
holdings at time u are ¢,,, + K > K. Since the investor enjoys some positive utility from
holding these extra K units, the net change in expected utility is greater than the capital gain
(e (py+ —1n/2) — e "Fp,)K > e "(n/2) K. Thus the expected utility of the deviation is more
than P(C)e " (n/2)K. Optimality of the holding plan then implies that P(C) = 0. Because
there is a positive measure of investors whose information proces has jumped during (¢, u], and

because of the short-selling constraint, this contradicts market clearing.
VI1.2.2 The price cannot grow at a rate greater than r
Before proving that the price cannot jump downwards, we establish a useful result:

Lemma VI.1. In all spots, rp, — p, > 0.

Suppose by contradiction that p, > rp, over some interval [uj,us]. Note that the price is
strictly increasing over [ug, us]. Then let us fix some u € (u1,uz). We can do the same reasoning
as in the proof that the price cannot jump up, in Section VI.2.1 above: investors always want
to demand an additional unit of the asset if they have an information event during [u;, u), and

sell it back at time u. Indeed, given any K > 0, then for almost all w such that the information
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process jumps at least once during [uq, u], then 7y, > K. Otherwise, an investor could profit
from buying K additional units at his first information event time during [u;,u] and selling

back at us. As above, this contradicts market clearing.

VI1.2.3 The price cannot jump down

Consider by contradiction some u > 0 such that p, > p,+ (as before the case p,- > p, is
identical after replacing u by v~ and u"™ by w). Then, we pick ¢t < u close to u, and n > 0
and K > 0 small enough so that: z +— p, is continuous and either strictly increasing, strictly

decreasing, or constant on the interval [¢,u]; and, for all z € [t, u], p, > p.+ + 7n; and
—/ e~ gy 4 em I (p, — pur — ) > K. (VI.2)
t

Keeping in mind that marginal utility is bounded above by one, the intuition of this inequality
is the following: at any possible margin and at any time z € [¢,u], it is optimal to decrease
the asset holding by one unit until the next jump of the information process, and buy back at
time ' with a limit sell order at price p,+ +n or at the next jump of the information process,

whichever comes first. In Section 1X.4.1, page 86, we prove the following two results:
Lemma VI.2. For almost all w € :
1. If 7, € [t,u], then ¢z, = 0.

2. If 7, € (0,t), then qr,u < Gry

Point 1 says that, if the trader has an information event at a date sufficiently close to u,
then she wants to take advantage of the price jump by reducing his asset holding as much as
possible, and buying everything back after the jump with a limit order. Point 2 says that, by
the same token, if the trader does not have an information event at a date sufficiently close to
u, she will prefer to delay all his purchases until after the jump.

Lemma VI.2 implies that the market cannot clear. Indeed,

E [QTu,u] <E [th,t]I{Tu<t}:| =E [th,t]I{Ttlth>u7Tt}:| =E [th’te—P(u—n)]
<E [qn,te—ﬁ(u—t)} — g Plu—t) < s,

where 7/ denote the next information event time after ¢. In the first line, the first inequality
comes from the fact that, by Point 1 and 2 of Lemma V1.2, ¢, , = 0if 7, > ¢, ¢r, 0 < G if
T, < t and, of course, 7, = 7; if 7, < t. The following equality on the first line follows from the
fact that 7, <t < 7/ > u, and the next equality uses the fact that the random inter-arrival

time 7/ — 7 is independent from F;, while ¢, ; belongs to F,.
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VII Uniqueness of a Markov Limit Order Equilibrium

In this section we assume, as in Proposition 9, page 30 in Biais, Hombert, and Weill (2010)
(henceforth BHW), that traders can only submit market and limit orders when their information
jump process jumps. But, in contrast with BHW, we do not make any a priori monotonicity
restriction on the shape of the price path. In this context, we show that there exists a unique
Markov equilibrium, i.e., an equilibrium where traders’ holding plan, ¢ ,,, only depend on time
(the aggregate state), and on the trader idiosyncratic state, 6;, at the information event time.
In all what follows we assume that traders face a pure limit order book operating according to
the price priority, time priority, and volume maximization rules explained in the first paragraph
of Section 4, page 25 in BHW.

VII.1 Preliminary comments and overview

We start with some general comments on the proof and an overview of the results. In all
what follows, we let a Limit Order Equilibrium, or “LOE”, be the equilibrium concept of
Proposition 9 page 30 in BHW, where traders can only submit market and limit orders when

their information jump process jumps.

VII.1.1 What makes proving uniqueness difficult

As noted in BHW, in a pure limit order market, the shape of the price path imposes constraints
on the holding plan of traders. For instance, when the price path is strictly increasing (decreas-
ing), then the price priority rule implies that only limit sell (buy) orders can be executed, and
so holding plan have to be decreasing (increasing). When the price path is flat, then the type of
orders that can be executed is determined by time priority and volume maximization. Namely,
if there are limit sell (buy) orders in the book, then only limit sell (buy) orders can be executed,
in a first-in—first—out basis.

With some a priori monotonicity restrictions on the price, it can be relatively easy to
prove uniqueness. For instance, suppose that we restrict attention to prices that are strictly
increasing. Then, only limit sell orders can be executed, and asset holding plans have to be
decreasing. In that context, one can show that the equilibrium allocation must solve a social
planning problem, subject to the constraints that asset holding plans are decreasing, and by
concavity arguments that this social planning problem has a unique solution. This, of course,
would only provide a partial result: it would establish uniqueness of a LOE with a strictly
increasing price path.

In this section, instead of imposing a priori monotonicity restrictions, we establish mono-
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tonicity properties directly using elementary optimality and market clearing arguments. Once
sufficiently many properties are established, we can prove uniqueness based on a social-planning

argument similar to the one outlined above.

VII.1.2 Markov versus non-Markov LOE

Why is it sometimes easier to establish results for Markov LOE? Our proofs often require to
exhibit profitable deviations from a candidate equilibrium holding plan. As we explain below,
it is easier to construct one—stage deviations starting from a Markovian candidate equilibrium
holding plan than from a non—Markovian one.

A typical deviation consists in changing the orders submitted at some information event,
and reverting to the candidate equilibrium holding plan at some later information event. To
make things concrete, suppose for instance that the deviation requires that, at the information
event 7, a trader does not submit some limit order to sell at the ask price a. In order to revert
to the original holding plan at the next information event, 7411, it may be necessary to resubmit
these limit sell orders. However, it can be the case that the “new” limit order to sell at price
a, submitted at 7,1, has a different time priority than an “old” limit sell orders at price a
submitted at time 7,: it will be executed at a later time because it has been submitted later.
Clearly, in this example, it is not possible to revert to the original holding plan at 7.1

Note however that, if the candidate equilibrium holding plan is Markov, the problem de-
scribed in the previous paragraph never arises: that is, it is always possible to engineer “one
stage” deviations, which are started at some information event 7, and reverted at the next
information event 7;,,. Indeed, in a Markov holding plan, at any information event time 7y,
the trader’s order only depend on his current type, not on his particular history up to time
Tx. Therefore, with a Markov holding plan, we can always assume that a trader cancels all
her previously submitted orders and submits new ones, as if it was her first information event
time ever. In particular, the holding plan at time 75y, does not rely on the time priority of
previously submitted limit orders, so the problem identified in the previous paragraph does not

arise.

VII.1.3 Overview of the proof

We start by establishing basic results on the price path that must hold in any LOE: we show
that the price is always less than 1/r, that it is weakly increasing for ¢t > T, and that it reaches

its long run value of 1/r in finite time, 7. Then, we move to a result that we were only able to

1'We encountered such situation in the continuity proof of Section VI and had to engineer more complex
deviation, we were reverted after a multiple, and sometimes random, number of subsequent information event.
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prove in the case of a Markov LOE: the price is weakly increasing before T as well. Together
with features of the dynamics of preferences, this last result allows us to prove that, in a Markov
LOE, investor asset holding plans are decreasing. Depending on the equilibrium price path,
however, they may be subject to additional constraints: namely, traders’ holding plan cannot
decrease in an arbitrary fashion when the price has a flat spot.

Then, we temporarily abstract from these additional constraints and study a “relaxed”
problem, where traders can choose any decreasing holding plan. This is a relaxed problem
because limit orders may impose additional constraints on the holding plan during flat spot
(for instance, that it can only decrease at specific times). We show however that, due to the
dynamics of preferences, these additional constraints are not binding: even if traders were
allowed to choose from any kind of decreasing holding plan, they would choose to keep their
holding plan flat when the price has a flat spot. In other words, traders do not need limit orders
during flat spot. This shows that a Markov LOE is a “relaxed” equilibrium, i..e, an equilibrium
for a “relaxed” economy where traders can choose any decreasing holding plan. Then, based on
the social planning argument outline above, we show that such a relaxed equilibrium is unique.
This establishes the uniqueness of a Markov LOE.

VII.2 Intermediate results
First, we establish in Section IX.5.1, page 93, that:
Lemma VII.1. In all spots, p, > 0 or 1 —rp, + p; > 0.

The intuition is the following. If there is an interval where p; < 0 and 1 —rp; +p; < 0, then
since marginal utility is bounded by 1, investors prefer to postpone any purchase until the end
of the interval, which is possible since the price decreases. This contradicts market clearing. A

corollary of Lemma VII.1 is:
Corollary VIL.1. If p; > 1/r for somet, then p, > 0 in all subsequent spots.

Indeed, consider by contradiction the earlier time interval (uy, ug) after ¢ such that p, < 0.
Since p, is increasing before that interval, we have p, > 1/r in the right neighborhood of w;.
This implies that p, < 0 and 1 — rp, + p, < 0, which is a contradiction by Lemma VII.1.

We then prove in Section 1X.5.2, page 95, that:

Lemma VIIL.2. Forallt, p, <1/r.

The idea of the proof is the following. Suppose there is some ¢ such that p, > 1/r. First note
that, by Corollary VII.1, the price is increasing for all u > ¢. But since the price is bounded,

it follows that it converges to some finite limit po, > 1/r. At the same time, the capital gains
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from buying and selling becomes very small, so the benefit from speculative buy-low-sell-high
strategies vanish, and investors demand is mostly driven by the value of holding the asset. Since
the PV of utility flows from holding are always less than 1/r, we find that, eventually, investors’
demand has to be equal to zero, which contradicts market clearing.

We continue with a corollary of Lemma VII.2:
Corollary VII.2. In all spots, 1 — rp; + p; > 0.

Indeed, Lemma VII.2 implies that if 1 — rp; + p; < 0, then p; < 0. But, at the same time,
Lemma VII.1 implies that, if 1 — rp; + p; < 0, then p; > 0, which is a contradiction. Another

corollary we prove in Section 1X.5.3, page 99, is:

Corollary VII.3. Consider some [uy,us| where the price is either strictly increasing, strictly
decreasing, or flat, and such that 1 —rp,+p, > 0 for all z € [uy, ug]. Then, for all uy € (uq,us),

Tuy € [U1,u2) and 0, = h imply that qr,, w, > 1 almost surely.

In other words, all high-valuation investors with an information event during [u;, ug] find it
optimal to hold at least one unit during that time interval. This is intuitive: they derive positive

net utility, 1 — rp, + p,, from holding the asset, and strictly positive utility for z € [uy, us].

VII.3 The price is weakly increasing for ¢t > T
We show in Section 1X.5.4, page 100, that:
Lemma VII.3. In all spots after T, p, > 0.

To show this result, we consider the following two cases.

Case 1. Suppose that there is a decreasing spot followed by either a flat or an increasing
spot. Consider u; < us < ug such that [uy, us| is at the end of the decreasing spot, and [ug, uy]
is at the beginning of the subsequent flat-or-increasing spot. Choose u; such that p,, < 1/r,
which is feasible because the price is strictly decreasing to the left of us. And, if the subsequent
spot is increasing, choose u; and w4 such that p,, < p,,, and let ug be the solution of p,, = p, .
Note that all investors who had an information event before u; have increasing asset holdings
over [ur,us]. Indeed, their asset holdings can only increase over [uj,us]. Moreover, by price
priority, their asset holding cannot decrease over [ug, u3] because any limit order to sell at at
price p, € [Puy,Pus] Mmust have been executed before u;. Now, because p, < 1/r and p, > 0,
1 —rp.+p, >0 for z € [ug, us]. Corollary VIL.3 then implies that all high-valuation investors
with an information event at time z € [ug,u3] hold more than one unit at time us. But

this is also true for high-valuation with an information event during [u;, us|, because they can
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submit limit order to buy just before uy (we confirm this in Section 1X.5.4). Therefore, all
high-valuation investors who had an information event during [u;, us] hold one unit at time us.
Since pp, > s for z € [uy, us), the only way this can happen is if limit sell order submitted before
uy are executed. But this is impossible since the price is strictly decreasing for z € [uy, us], and

remains below p,, for z € [ug, us] (we confirm the corresponding violation of market clearing in
Section 1X.5.4).

Case 2. The other case to consider is when the price decreases forever after T;. Then, we use

the following Lemma, proved in Section 1X.5.4, page 100:

Lemma VII.4. Suppose that the price is continuously differentiable in the meighborhood of
somet > Ts. Then, either p, >0, orp, <0 and 1 —rp; + p, = 0.

The intuition is the following. Recall that 1 — rp, + p; > 0. Suppose there is some t > T
such that p, < 0 and 1 — rp; + p; # 0. Then since by Corollary VII.2, 1 — p; + p; > 0, we must
have that 1 — rp; + p; > 0. Because the price is continuously differentiable in a neighborhood
of t, there exists some interval [u;,us] around ¢ such that these two strict inequalities are a
satisfied: for all z € [uy,u3], p, and 1 — rp, + p, > 0. But by Corollary VII.3 we know that
high-valuation investors with an information event during [u;,t) hold more than one unit at
time ¢. But this contradicts market clearing since p;,, > s over [ug, us] and, because the price
is strictly decreasing during [ug,t], no limit sell orders can be executed.

Now if the price decrease forever after T, the above Lemma shows that 1 —rp, + p, = 0
for all ¢ > T;. Moreover, since p; < 1/r and p; < 0, we have that p, < 1/r to the left of t.

Integrating this ODE implies that the price goes to minus infinity, which is a contradiction.

VII.4 The price reaches 1/r in finite time

We define
Ty=inf{t >Ts : py =1/r},
with the convention that Ty = oo if the set is empty. In Section IX.5.5, page 102, we prove

that:

Lemma VIL.5. Then, high-valuation traders who have an information event during (T, TY)
hold at least one unit at all times until T, except perhaps at the boundary points of mazximal

Spots.

Indeed since by Lemma VIL3, p, > 0 for t € (T}, T}), it follows that 1 — rp, + p; > 0 for
all t € (Ts,Ty), and thus, by Corollary VIIL.3, that high-valuation investors with an information
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event after 7, hold more than one unit in the interior of all maximal spots during (7%, 77).

From this result it follows that:
Lemma VIL.6. There is some Ty > T such that py = 1/r for all t > Ty.

First, by combining Lemma VII.2 and Lemma VII.3, it is clear that if the price reaches 1/r
at some time after Ty, it stays equal to 1/r forever after. Now suppose that the price never
reaches 1/r. Then Tt = oo which implies, by Lemma VIL5, that all high-valuation investors
with an information event after T, hold one unit. But the asymptotic measure of high-valuation

investors is one, and the asset supply is strictly less than one, which contradicts market clearing.

VII.5 The price grows at a rate strictly less than r
We prove in Section I1X.5.7, page 103, that:

Lemma VIIL.7. Suppose that the price is continuously differentiable in the neighborhood of
some time t and that p; > 0. Then, rp; —py > 1 —190.

Otherwise, rp,—p; < 1—9, i.e., the holding cost is strictly less than the minimum flow utility
from the asset. Then the two inequalities p, > 0 and rp, — p, < 1 — ¢ hold in a neighborhood
[uq,us) of t. Every investor with an information event during [u;,t] wants to hold at least one
unit of the asset, and perhaps re-sell during (¢, u3) with a limit sell order. By the same token,
no investor whose information process last jumped prior to time u; wants to sell during [ug, t].

This contradicts market clearing at time ¢.

VII.6 The price is increasing for ¢t < T,: a partial result

Suppose there are decreasing spots before Ty and consider the latest one. Because this is the
latest one, and because the price is increasing after T, it follows that this decreasing spot is

followed by either a flat or a increasing spot. We prove in Section 1X.5.8, page 105 that:

Lemma VIL.8. In an equilibrium, the last strictly decreasing spot cannot be followed by an

mcreasing spot.

The intuition is the following. A low-valuation investor with an information event during the
decreasing spot anticipates that, during the subsequent increasing spot, his expected valuation
will rise but he will not be able to buy. This gives him incentive to place a large limit buy order
at the end of the decreasing spot. On the aggregate, this results in a positive measure of limit
buy orders to be executed exactly at the end of the decreasing spot. But this cannot be the
basis of an equilibrium because no limit sell order can be executed and so the measure of asset

supplied at that precise time is zero.
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VII.7 Properties of Markov LOE

Next, we derive properties specific to Markov LOE.

VII.7.1 The price is increasing for ¢t < T

We already know from Lemma VII.8 that the last decreasing spot cannot be followed by an
increasing spot. We now show that, in a Markov LOE, it cannot be followed by a flat spot

either:
Lemma VIL.9. In a Markov LOE, a strictly decreasing spot cannot be followed by a flat spot.

The proof, shown in Section I1X.5.8 page 105, follows a similar logic, but for now we need

to restrict attention to Markov equilibrium. Clearly, a Corollary of Lemma VII.8 and VII.9 is:

Corollary VII1.4. In a Markov LOE, the price is weakly increasing.

VII.7.2 Trading strategies in a Markov LOE

In a Markov equilibrium, traders’ holding plan are “Markovian”: they only depend on the
information event time and on their valuation type at the information event time. Therefore,
holding plans are fully described by functions g, and g ¢, prescribing the time u asset holdings
of an investor who last contacted the market at time ¢ with a low (“¢”) or high (“A”) valuation.

For any Markovian holding plan, the value of the investor’s objective can be simplified
further, since with a Markov holding plan E; [v(0,,qs+.)] only depends on time and on the
investor’s type at time t. Therefore, after conditioning with respect to the type at time t, we

obtain
/ e Z Pr(6; = 0) / g~ (o)) {Ea [0(0us Go,t,u)] — Go,tu (TPu — Pu)} du dt,
0 P t

where, in the above, Egy[-] is a shorthand for the expectation conditional on 6(t) being equal
to 6. It then immediately follows that:

Lemma VII.10 (Necessary condition for Optimality). If some Markovian asset holding plan

{@ 40T 1w} 15 Optimal, then it mazimizes

/ e (4 u—) {Ee 0(0, Go)] — Qo (1P — m)} du (VILY)
t

for 0 € {{,h} and for almost all t > 0, subject to the constraint of being implementable with

limit and market orders submitted at time t.
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Suppose indeed that {g;, g .} does not maximize (VII.2) for some positive measure set
of time T and some § € {¢,h}. Then, for all t € T and 6, = 0, switch to a holding plan that
achieves a higher value in the objective (VII.2), and keep your holding plan for ¢ ¢ T otherwise.
It is important to note that the Markov restriction ensures that it is feasible to keep the holding
plan for some t ¢ T, even if it has been modified for some #' < ¢t. Indeed, a trader who has an
information event at time ¢ behaves “as if” it was her first information ever. In particular her
asset holding can be implemented without using any order she may have submitted at earlier
information events. Note also that the resulting holding plan is Markovian and clearly achieves
a higher value.

Finally, one should keep in mind that Lemma VII.10 only provides a necessary condition.
To prove optimality, one also needs to compare the holding plan ¢;, to other holding plans

which are not Markov.

VIIL.7.3 High—valuation holdings in a Markov LOE

We start with the following Lemma, proved in Section 1X.5.9, page 111:

Lemma VII.11. In a Markov LOE, almost surely, high-valuation investors who have an in-

formation event before (after) Ty hold one unit (less than one unit) of the asset.
And, obviously, this implies that:

Corollary VII.5. In a Markov LOE, almost surely, high-valuation investors who have an
information event before Ty demand one unit of the asset.
VII.7.4 Low-valuation holdings in a Markov LOE

First, we have:
Lemma VIIL.12. In any Markov LOE, low-valuation investors hold zero unit after Ty.

This result is proved in Section 1X.5.10, page 111. We already know that, for a low—valuation
trader who has an information event at some time ¢ during an increasing spot, g, must be
a decreasing function of time. To show that the same is true if the information event occurs

during a flat spot, in Section IX.5.11, page 112, we show the following Lemma:

Lemma VII.13. Suppose there exists a Markov LOE such that the price path has a flat spot.
Then, at almost all times t during the flat spot, low-valuation traders do not submit any limit

order to buy.
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The reason is that, if limit buy orders were submitted and executed after their submission
times, then strategies would be non-Markovian.

To see why, note that a low-valuation trader’s expected utility flow is increasing and, during
a flat spot, the price is constant. Thus, a low-valuation trader aspires to asset holdings that
are smoothly increasing during the flat spot. But a perfectly smooth increasing holding is not
feasible. Indeed, the first information event time during the flat spot, a low-valuation trader
receives the opportunity to submit a limit buy order at (at most) one execution time, so her
asset holding can only be a step function with (at most) one step. The second information
event time during the flat spot, this low-valuation trader receives the opportunity to submit a
limit-buy order at some “new” execution time. Because of concave utility she wants to smooth
her holding, and so she has incentives to use her previously submitted limit buy order: this
allows her asset holdings to to be “smoother” with two steps instead of one. Obviously, such a
trading strategy is not Markov: the trader is not behaving as if she was contacting the market
for the first time. Therefore, in a Markov LOE, at almost all times during flat spots, low—
valuation traders do not submit limit buy orders. But, by Corollary VIL.5, this is also true for

high-valuation traders. Therefore:

Corollary VIIL.6. In a Markov LOE, at any time during a flat spot, there is a measure zero
of limit buy order outstanding at the the current market price. Consequently, a limit order to

buy at the current market price is executed immediately.

The corollary shows that, for a low—valuation trader who has an information event at some
time ¢ during a flat spot, v — ¢, is decreasing. We already know that this is also true for

information event outside of flat spots. Therefore:

Corollary VIL.7. In a Markov LOE, low-valuation traders choose decreasing holding plans.

VII.8 A relaxed Equilibrium

The above results show that, in a Markov equilibrium, high— and low—valuation traders choose
decreasing holding plans. But note that, depending on the price path, there may be additional
constraints: for instance, if an information event occurs during an increasing spot, asset holding
have to be constant during subsequent flat spot.

In this section, we temporarily abstract from these additional constraints: we study a “re-
laxed equilibrium” arising when traders can choose any decreasing asset holdings plan. We
show that such a relaxed equilibrium exists, is unique, and that any Markov LOE is a relaxed

equilibrium. Clearly, this shows that a Markov LOE is unique as well.
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VII.8.1 The relaxed problem

Our first result is:

Lemma VII.14. For each time, a holding plan q., solves the relazed problem if and only if it

maximaizes

/ e (4 {E (000 )] — Gon (1P — o) } du (VIL2)
t

for almost all (t,w) € Ry x .

The “if” part is obvious. To prove the “only if” part, we proceed by contrapositive. Suppose
that {g:.} does not maximize (VIL.2) for some positive measure set of R x §2. Then, for all
times and events in that set, switch to a plan that achieves a higher value in the objective
(VIL.2), and keep your holding plan the same otherwise. This is feasible because, in the relaxed
problem, earlier choices of holding plans do not constraint subsequent ones. Clearly, because
of the expression (6) for the investor’s objective (page 14 in BHW) this new plan achieves a

strictly higher utility.

Lemma VII.15. Assume that the price satisfies Condition 1 as well as all the properties

derived so far. Then, in the relaxed problem, for any optimal asset holding plan and almost all

L qt,u € [07 ]-]7
o Ifte[0,T%], 6, =h, then ¢, =1 for all u € [t,Ty].
o Ifte0,00), 6, =1, then q,, =0 for all u € [T}, 0].

o Ifte0,T%), 0 =1, then {qin = u € [t,Tf)} solves the problem:

Ty
(R) : Sup/ e—(r—l—p)(u—t) {Et [U(Qua Qt,u)] - Qt,u (Tpu - pu)} dua (VIIB)
t

qt,u
subject to the constraint that ¢, € [0,1] and is decreasing over [t,T¥).

Thus, we are left with the problem of maximizing (VIL.3) with respect to some [0, 1]-valued
decreasing function. To study the existence of a maximizer, we relax the problem further: we
allow investor to choose a holding plan ¢, € L*([t,Tf]) which lie almost everywhere in [0, 1]
and is almost everywhere decreasing. Formally, there exists a set S C [t,Ty] of full measure
such that ¢;, € [0,1] and is decreasing over S, i.e., for all (u,u') € S? u < ' implies that

qtw > q(u'). Note that we alter the constraint set in two ways, first, we constraint holdings to
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be bounded by 1, but we know from VII.15 that this constraint is not binding. Second, instead
of optimizing within the set of [0, 1]-valued decreasing functions, which is included in L*([t, T}])
(see, e.g., Theorem 10.11 in Apostol, 1974), we optimize within the larger set of L*([t,T}])
functions which are decreasing and [0, 1]-valued almost everywhere instead of everywhere. This
ensures that the constraint set is closed under the L? norm. Given that the objective is concave,
continuous for the L? norm, and that the constraint set is clearly convex and bounded, we obtain
that:

Lemma VIIL.16. The supremum of (VIIL.3) is achieved by some ¢, such that S = [t,T}|.

The details are in Section 1X.5.13, page 116, but the result follows basically from an applica-
tion of Proposition 1.2, Chapter II in Eckland and Téman (1987). In principle, the maximizer
found in Lemma VII.16 is only decreasing almost everywhere. However, it is easy to show
that given any maximizer of (VIL.15), one can construct another maximizer which is decreasing

everywhere. Next, in Section 1X.5.14, page 116, we show:
Lemma VIIL.17. Any mazimizer of Lemma VII.16 is constant during flat spots.

This means that low—valuation traders finds it optimal to hold constant asset holding during
flat spot, even when allowed to choose any decreasing asset holding plan. This immediately

implies that:

Lemma VII.18. Suppose there exists a Markov LOE. Then, for almost all information event
times t € (0,Ty), the holding plan of a low-valuation trader solves the relaxed problem. Con-

versely, any solution of the relaxed problem is an optimal holding plan for a low—valuation trader
in a Markov LOE.

Indeed, we already know from Lemma VII.13 that, in a Markov equilibrium, low-valuation
traders with an information event time before 7' during a flat spot only submit limit sell orders.
Outside of flat spots, the price is strictly increasing so, evidently, limit buy orders are never
submitted because they would be either immediately executed, or never executed. Therefore, a
low-valuation trader’s asset holding plan has to be decreasing. It can be an arbitrary decreasing
function during increasing spots, but it has to stay flat during all or part of flat spots — depending
on when limit orders can be executed during flat spot. But we know from Lemma VII.17 that
if we allow the trader to solve the relaxed problem, i.e. to choose from any decreasing function,
she would find it optimal to keep her holdings constant during flat spot anyway. Thus, the

solution of the traders’ problem must be a solution of the relaxed problem, and vice versa.
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VII.8.2 The relaxed equilibrium

Continuing with the above, we can define a relazed equilibrium in the obvious way: it is a
piecewise continuously differentiable price path p, and a feasible asset holding plan ¢, which
is decreasing in u for each ¢t > 0, such that given the price the asset holding plan solves the

relaxed problem. We then have the following two properties:

Lemma VII.19. Any Markov LOE is a relaxed equilibrium. In particular, the LOE of Propo-
sition 9, page 30 in BHW, is a relaxed equilibrium.

Consider a Markov equilibrium. Then the strategies of all types of traders solve the relaxed
problem. For high-valuation traders this follows from Lemma VII.11 and VII.15. For low-
valuation traders who have an information event time after 7%, this follows from Lemma VII.12
and VIL.15. And, finally, for low-valuation traders with an information event before T}, this
follows from Lemma VII.18. Lastly, the asset holding plan of a Markov equilibrium is, obviously,
feasible.

Next, consider the relaxed planning problem consisting in choosing decreasing asset holding

plans, g:, € [0, 1], in order to maximize:

W(q) =Eo { / e "v(Ou, Gry ) du| (VIL4)
0

subject to the feasibility constraints (8) for all u, page 15 in BHW. Then, we have:
Lemma VII.20. A relazed equilibrium solves the relaxed planning problem.

The proof is omitted as it follows the exact same argument as in the proof of Proposition
2. Next, we establish (essential) uniqueness of a planning solution, and hence of a Markov

equilibrium:

Lemma VII.21. Consider the BHW-LOE asset holding plan q and any other solution q' of
the planning problem. Then

o For almost all (t,u,w) € RZ x Q such that 0 <t < wu, if 0, = {, then G = Qtu-
e For almost all (t,u,w) € RZ x Q such that 0 <t <u < T}, if 6, = h, then G =1

The first point follows from the strict concavity of low-valuation traders’ objective. The
second point follows from the fact that, once the allocation of low-valuation traders is set, then

given that ¢, < 1 feasibility implies that all high-valuation traders hold one unit.
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VIII Proofs omitted in the appendix of the paper

VIII.1 Proof of Lemma A.1

We first note that, by the law of iterated expectations:

E [U(QU7 Qt,u) - guqau | Ty = t] =E|E [U(9u7 Qt,u) - qut,u | Ft*aTu = t]

Ty = t} (VIIL1)

where, as usual, F;- is the sigma algebra generated by all the F,, z < ¢, representing the trader

information “one instant prior to t.” Now recall that:

min{(:h,’lh 1}1+U

U(euu Qt,u) = min{qt,U7 1} - H{Gu:€}5 1 T

Therefore, the inner expectation on the right-hand side of (VIII.1) writes as:

min{g ,, 1}
14+0
min{g,, 1}

1+o
min{qu, 1}1+U

1+o
min{g,, 1}
1+o0

E [min{qt,u, 1} — {9, =30 —&ultu

.th ; Tu:|
= min{qt,u, 1} — K [H{gu:g} ‘ ftf , Tu] — §UQt,u
= min{qt,u, 1} —E [H{@u:g} ‘ ftf} - ﬁth,u

=E [min{qtyu, 1} — H{gu:g} - 5th,u

]-'t-] (VIIL.2)

where the first equality follows because ¢, is JFi-predictable, and thus measurable with respect to
Fi— (see Exercise E10, Chapter I, in Brémaud, 1981). The second equality, on the other hand, follows
because the type process is independent from the information event process: this allows to freely add or
remove any information generated by the information event process from the conditioning information.

Now the random variable of equation (VIIL.2) is F;—-measurable. Since {7, =t} = {N; — N;- =
1 and N, — Ny = 0} and because the information event process has independent increment and is
independent from the type process, it follows that {7, = t} is independent F;-. Thus, the expectation

of (VIIL.2) conditional on {7, = t}, is equal to its unconditional expectation, which proves the claim.

VIII.2 Proof of Lemma A.2

The left-hand side of (17) is continuous, strictly increasing for Q, < (1 — ftpy) /7 and constant for
Qu > (1 — )~ Y7, Tt is zero when Q, = 0, and, when Q, = (1 — pp,) "/, it is equal to:

0 0

since s < 1. Therefore, equation (17) has a unique solution, @,,, and the solution satisfies 0 < Q,, <

(1- uhu)*l/ 7. To prove that @), is continuously differentiable we apply the Implicit Function Theorem
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(see, e.g., Theorem 13.7 Apostol, 1974). We note that (17) writes K (u, Q) = 0, where

K(u,Q) = / e (1 — pupg) min{ (1 — pne)/°Q, 1} dt — / et (s — ppg) dt. (VIIL.3)
0 0

Since we know that Q, < (1 — fp,) /7, we restrict attention to the domain {(u,Q) € R% : u >

0and Q < (1 — )~ /7}. In this domain, ¥(Q) < u, and so equation (VIIL.3) can be written, using

the definition of ¥(Q):

K(u,Q) = / Pt (1 — pupy) dt + / et (1 — ) Y7 Qt — / et (5 — ppy) dt
0 v(Q) 0

u u

- / e (1 — ) dt — / et (1 — i) [1 — (1 — ) Q} dt, (VIIL4)
0 ¥(Q)

To apply the Implicit Function Theorem, we need to show that K (u, Q) is continuously differentiable.

To see this, first note that the partial derivative of K (u, Q) with respect to u is, using (VIIL.3):

0K . o u
% = epu(l - :U'hu) mln{(l - ,Ufhu)l/ Qa 1} —ef (3 - ,U/hu)-

and is clearly continuous. To calculate the partial derivative with respect to ), we consider two cases.
When @ € [0,1], then ¥(Q) = 0, and so, using (VIIL.4):

u

(1= ) 7t = [ (1 )
¥(Q)

oK _ "
o0Q o
When, on the other hand, Q@ € [1, (1 — pp,) /), on the other hand, ¥(Q) solves (1 — uh\p(Q))*I/" =Q

and hence is continuously differentiable. Bearing this in mind when differentiating (VIII.4), we obtain

again that
0K “
S, ept 1_#}1 1+1/c0 dt.

Since ¥(Q) is continuous, the above calculations show that 0K /0Q is continuous for all (u, @) in its
domain. Next, note that because (1 — f144)"?Q, < 1, we have ¥(Q,) < u and therefore IK/0Q > 0
at (u, Q). Taken together, these observations allow to apply the Implicit Function Theorem and state
that

6K/8u _ 6”“(5 — ,Uhu) _ epu(l _ ,uhu)l-f—l/aQu

Q'/u = - - )
0K /0Q fq;‘u ert (1 — Mht)l—H/U

where we used that 1, = ¥(Q,) and Qu (1 — )7 < 1.
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VII1I.3 Proof of Lemma A.4

The continuity of @, is obvious. That Qy+ = s follows from an application of 'Hopital rule, and

@Tf = 0 follows by definition of Ty. Next, after taking derivatives with respect to u we find that
sign [@;} = sign [F,], where:

F, = (s — fina) / et (1= pup) Y7 dt — (1 = pp) Y7 / e (s — pupy) dt, (VIIL5)
0 0

is continuously differentiable. Taking derivatives once more, we find that sign [F}| = sign [G,,] where:
_ 1 1/c “ pt “ ot 1+1/0
Gu= (14— ) (1= ) e (s — ppe) dt — [P (1= ppe) TV (VIIL6)
0 0

is continuously differentiable. Now suppose that @; = 0. Then F,, = 0 and, after rearranging (VIIL5):

1/0’ “ ot _ S — Hhu v ot 1+1/U
(1 — ppu) e’ (s — ppy) dt = ———— e’ (1 — pupt) dt.
0 1 — phe 0
Plugging this back into G, we find that:

RVIIL1. Suppose that F,, = 0 for some u > 0. Then sign[F,] = sign[s (1 + 1) — 1 — £eu]

g

Now note that Gy = 0 and G, = s(1 + 1/0) — 1. Thus,
RVIIL.2. If s <o/(1+0), then F, <0 for all u > 0.

To see this, first note that, from repeated application of the Mean Value Theorem (see, e.g.,
Theorem 5.11 in Apostol, 1974), it follows that F}, < 0 for small u. Indeed, since Fy =0, F,, = uF),
for some v € (0,u). But sign[F)] = sign [G,]. Now, since Gy = 0, G, = vG,, for some w € (0,v). But
G{ < 0 so G}, is negative as long as u is small enough. But if F, is negative for small u, it has to stay
negative for all u. Otherwise, it would need to cross the z-axis from below at some u > 0, which is
impossible given Result RVIIL.1 and the assumption that s < o/(1 + o).

RVIIL3. If s> o/(1+0), then F, > 0 for small u, and F,, <0 for u € [Ty, T}].

The first part follows from applying the same reasoning as in the above paragraph, since when
s > 0/(14 o) we have G, > 0. The second part follows from noting that, when u € [Ty, T¥|, the first
term of F, is negative, and strictly negative when u € (T, T¥], while the second term is negative, and

strictly negative when u € [T, T}). So F, changes sign in the interval (0,7%). We now show that:
RVIILA4. If s> o/(1+ o), F, changes sign only once in the interval (0,Ty).

Consider some ug such that Fy,, = 0. We can rewrite this equation as:

ug
0= —/ g(uht,,u;w())ept dt, where g(z,y)=(s—z)(1-— y)l'H/U - (1- $)1+1/U(S —9).
0
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The function z +— g(x,y) is strictly concave, and it is such that g(y,y) = 0. Note that, for the above
equation to hold, the function = — g(x, fi,,) has to change sign in the interval (0, fpy,). In particular,
it must be the case that 0g/0z (fthuys huy) < 0. Otherwise, suppose that 9g/0x(phug, fthu,) > 0. Then,
by strict concavity, g(x, fthy,) lies strictly below its tangent at x = pp,,. But since g(z, ppy,) = 0
and is increasing when x = fip,,, the tangent is negative for = < pp,,, and so g(x, ppy,) < 0 for all
x € (0, fthy,), @ contradiction. After calculating the partial derivative, we find:

0 Hhu

99 i ) < 05 s (14 L) =1 e g
O WMo o o o

Together with Result RVIIL1 this shows that if F;,; = 0 for some ug € (0,T5), then F}, < 0, implying
Result RVIIT.4. We conclude that, over (0,7%|, Fy, is first strictly positive and then strictly negative,
which shows that @, is hump-shaped.

VII1I.4 Proof of Lemma A.5

Given that A, = (1 — uhu)l/"Qu, we have

1 /
A= = (1 ) V7 Qu o+ (1= ) V7
u

Using the formula (A.3) for @/,, in Lemma A.2, we obtain:

. . 1y
sign [A},] = sign [al ﬁh:h Qu+ Q;]
U
o [oe Yoot 141/ B 1 1+1/c
=sign . — Qu | €™ (1 — punt) dt + s — phy — (1 — pipy) Qul - (VIIL.7)
U u

We first show:
RVIIL5. Al, <0 for u close to zero.

To show this result, first note that when u is close to zero, Q, ~ s < 1. Therefore ¥, = 0 and,
by Lemma A.3, Q, = Q,. Plugging in 1, = 0 and the the expression (A.4) for Q, in (VIILT), one

obtains:
sign [A]

o e g, Yo Yoo 141/
ignd [ o yae (1 - ) d
g 1_ﬂhu 0 0

+ (5 — ) / e (1 — pup) TV dt — (1 — )Y / e (s — ) dt}. (VIILS8)
0 0

Now let v = pj,,. Now, for the various functions appearing in the above formula, we calculate the
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first- and second derivatives at u = 0, and we obtain the following Taylor expansions:

—pu /
e’ Fha —
01— ppy

/Ouept(s — ppe)dt = u <3+ [ps — 7] g) =u(s+o(1))

§ = phu = 5 = yu+ o(u)

1
(1 — ) T7 =1~ <1 + a) + o(u).

Q=2

(14 0(1))

Plugging these into (VIIL.8) we obtain:

sign [A},] = sign [ - gu2 (I+0(1)) (s+0(1))

+u (s — yu+ o(u)) (1+ [p—’y(l—i—i)} ;‘)
—u<1—fy<1+i>+0(u)> (s+[ps—7];")].

After developing and rearranging, we obtain

yu? S

sign [A}] = 5 X sign [(1 —5)+ ;} <0

establishing Result RVIIIL.5. Next, we show:
RVIIL.6. Suppose A, =0 for some ug € (0,Tf]. Then, A, is strictly decreasing at ug.
For this we first manipulate (VIIL.7) as follows:

sign [A/] _ Sign -_ e PU ,Uf%u Au /u ept(l _ ,U'ht)l—H/U dt + s — L — (1 _ uhU)Au
“ L o 1—ppy (1_Mhu>1/a »

1 u 1— _

—sign [~ i, M ostm0 (T gy Sty
ol — pihu Wu 1 — pha 1— ppe

= sign —ZAU (1 2)=p(u=t) g4 +1—(1—s)e - Au:|

g

L thu

- y
= sign —IAUG(U —y)+1—(1—s)e 7 — Au] ,  where G(y)= / el (1+3)=rle dx,
e 0

and where we obtain the first equality after substituting in the expression for @), ; the second equality
after dividing by 1 — up, and bringing e™" inside the first integral; the third equality by using the

functional form pp; = 1—e™7%; and the fourth equality by changing variable (xz = u—t) in the integral.
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Now suppose A/, = 0 at some ug. From the above we have:
Hy, = _gAqu(uo ) +1— (1= s)e ™ — Ay, =0,

If Qu, <1 then 9, = 0 and ¢;, = 0. Together with the fact that A}, =0, this implies that
H, = —%AUOG’(UO) — (1 —8)ye ™0 <0,

since G(u) is, clearly, a strictly increasing function. If @, = 1, then v, = 0 and the left-derivative

w; _ =0, so the same calculation implies that H ; _ <0. If Qyu, > 1 we first note that, around wuy,
0 0

_ ~1/o (L= N
Qu*(l_ﬂhwu) :>Au— =e o .
1- Hhu

So if A}, = 0, we must have that ¢; = 1. Plugging this back into H we obtain that H, =
(1 —s)e ™0 < 0. Lastly, if @y, = 1, then the same calculation leads to wuar =1 and so Hug < 0.
In all cases, we find that H, has strictly negative left- and right-derivatives when H,, = 0. Thus,

whenever it is equal to zero, A/, is strictly decreasing. With Result RVIIL.6 in mind, we then obtain:
RVIIL7. Al, cannot change sign over (0,T].

Suppose it did and let uy be the first time in (0,7f] where A} changes sign. Because A is
continuous, we have A} = 0. But recall that Aj, < 0 for u ~ 0, implying that at u = ug, A}, crosses

the z-axis from below and is therefore increasing, contradicting Result RVIIL.6.

VIIL.5 Proof of Lemma A.7

For u € (T, Ty), we have Q, # Q, and therefore and therefore ¥(Q,) = 1, > 0. By definition of 1,

we also have

Qu = (1 — pny,)"Ye. (VIIL9)
Replacing into equation (A.3) for @/, of Lemma A.2 | one obtains that:

1-— Hhu )1/0

sign [Q/,] = sign [X,] where X, = s — iy — (1 — paa) <1 -

As noted above, @, and thus X, changes sign at least once over (71,7%). Now, for any ug such that
Xy, = 0, we have Q;O = 0 and, given (VIIL.9), ;0 = 0. Taking the derivative of X, at such ug, and
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using X, = 0, leads:

1/o
1 1-—
Sign [X:m] = Sign -1+ <1 + 0) (Mhuo> = Sign [Yuo] ;

L — fih,,
1 _
where Y, = -1+ <1 + > M,
o)1 — Mhu

where the second equality follows by using X,, = 0. Now take uy to be the first time X, changes
sign during (77,7%). Since X,, = 0, X, strictly positive to the left of ug, and X,, strictly negative to
the right of up, we must have that X < 0. Suppose, then, that X, changes sign once more during
(T1,T) at some time u;. The same reasoning as before implies that, at w1, X;, > 0. But this is

impossible Y, is strictly decreasing.

VIII.6 Proof of Lemma A.8

Proof of the limit of T¢(p), in equation (A.7). The defining equation for T%(p) is

H(p,T¢(p)) =0 where H(p,u) = / et (5 — ppe) dt = 0.
0

Since Ty > T, we have

oOH ,
S (P Tp(0) = €10 (5 =y ) ) < 0.

Turning to the partial derivative with respect to p we note that since pp: — s changes sign at T:

OH Ty (p)
(0. Ty (p) = £ e (uy — s) dt
dp 0

Ts Ts
< / Tse (5 — ppe) dt + / Tse (s — pupt) dt = TsH(p, Ty) = 0.
0 0

Taken together, 0H/0u < 0 and 0H/dp < 0 imply that T (p) is strictly decreasing in p. In particular,
it has a limit, Tf(c0), as p goes to infinity. To determine the limit, we integrate by part H(p,T):

0= H(p,Ts(p) = 5 = piny () = s¢ 7" + /0 Luepy opihee "0 dt.

Because T¢(p) is bounded below by T, the second term goes to zero as p — oo. The integrand of the
third term is bounded and goes to zero for all ¢ except perhaps at t = Tt(co). Thus, but dominated
convergence, the third term goes to zero as p — oo. We conclude that BTy (00) = S and hence that
Ty(o0) = Ts.
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Proof of the first—order expansion, in equation (A.8). Let

F(tp) = (1= ) min {(1 = )/ Qulp), 1} + pine — s. (VIIL10)

By its definition, Q. (p) solves: [’ pe= P £(t p)dt = 0. Note that, for each p, f(t, p) is continuously
differentiable with respect to ¢ except at ¢ = 9, (p) such that (1 — ppy(, )l/UQu( ) = 1. Thus, we can
integrate the above by part and obtain:

0= / " pe P f (1, p)dt = fluyp) — e PUF(0, p) — / "D gyt p) . (VIIL11)
0 0

where fi(t,p) denotes the partial derivative of f(t,p) with respect to t. Now consider a sequence
of p going to infinity and the associated sequence of Q,(p). Because Q,(p) is bounded above by
(1 — pthy)~1/7, this sequence has at least one accumulation point Q,(co). Taking the limit in (VIIL.11)

along a subsequence converging to this accumulation point, we obtain that @, (co0) solves the equation

(1 - /Lhu) mln{(l - /Lhu)l/JQu(Oo)a 1} + ppy — s = 0.

whose unique solution is Q,(00) = (5 — fpy)/(1 — ) T1/7. Thus Q,(p) has a unique accumulation
point, and therefore converges towards it. To obtain the asymptotic expansion, we proceed with an

additional integration by part in equation (VIIL.11):

0=f(u,p) — f(0,p)e”"" — *ft(u p) + ft(o ple P+ / fu(t, p)e P gt
+; w=a o) [ () 9) — Foltoulp)™ )]

where the term on the second line arises because f; is discontinuous at 1,(p). Given that Q. (p)
converges and is therefore bounded, the third, fourth and fifth terms on the first line are o(1/p). For
the second line we note that, since Q,(p) converges to Q(00), 1, (p) converges to 1, (00) such that
(1- ,uh%(oo))l/"Qu(oo) = 1. In particular, one easily verifies that 1), (c0) < u. Therefore e~ P(4—%u(r)

goes to zero as p — 00, so the term on the second line is also o(1/p). Taken together, this gives:

0= f(up)— Lup)+o (1), (VITL12)

Equation (A.8) obtains after substituting in the expressions for f(u,p) and fi(u, p), using that u}, =
(1 = pne)-

Proof of the convergence of the argmax, in equation (A.9). First one easily verify that Q,(co)
is hump-shaped (strictly decreasing) if and only if @, (p) is hump—shaped (strictly decreasing). So if
s(1+1/0) <1, then both Q,(p) and @, (oc0) are strictly increasing, achieve their maximum at u = 0,
and the result follows. Otherwise, if s(1+ 1/0) > 1, consider any sequence of p going to infinity and

the associated sequence of Ty (p). Since Ty(p) < Ty(p) < Ty(0), the sequence of Ty, is bounded
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and, therefore, it has at least one accumulation point, Ty, (). At each point along the sequence, Ty (p)
maximizes @Qy(p). Using equation (A.3) to write the corresponding first—order condition, Qépw () = 0,

we obtain after rearranging that

5~ FaTy(p)

Qr,(p)(P) = = Q1 () (00) = Qrz(p)-

L — pinty () B

where T denotes the unique maximizer of Qu(00). Letting p go to infinity on both sides of the

equation, we find

QTw(oo) (OO) > Qr: (OO)

P

But since T is the unique maximizer of Qu(00), Ty(o0) = T;,. Therefore, Ty(p) has a unique accu-

mulation point, and converges towards it.

VIII.7 Proof of Lemma A.9

Proof of convergence for low valuation, u < T, in equation (A.10). We first introduce the
following notation: for ¢ < Ty and u € [t,T}), qrsu(p) = min{(1 — pnt) /7 Qu(p), 1} is the time—u asset

holding of a time—t low—valuation trader. Now pick u. < u such that, for all ¢ € [uc,u],

_ 1_ 1o o _ _
S~ M ( ,uht> Sl _ {1’ ot LT 6}. (VITL13)
1_Mhu 1_,Uhu 1_,Uhu 1_,uhu 2

Then, note that, for t € [ue,u], by (A.8), as p — oo:

1— e N7 5 = piha 1— e\ 5 =t
qet, — min ,1} = ( ) VIII.14
tU(p) {(1_Mhu> 1_,Uhu 1_,uhu 1_,Uhu ( )

since, by (VIIL.13), the left-hand side of the “min” is less than one. Moreover, since gp¢.(p) is
decreasing in ¢, (VIIL.14) implies that grt.(p) < qeu.u(p) < 1 for p large enough. Put differently,
for p large enough, qosu(p) = (1 — pn)/7Qu(p) for all t € [uc,u]. Clearly, this implies that the
convergence of gy, (p) is uniform in ¢ € [u.,u]. Together with (VIII.13), this implies that:

1—pne \ 7 5 — piha
N e M

§— Uhy

<
1_Mhu

1 1/o
— HKht S — Hhu S — Hhuy
roap) = -

1_:U’hu 1_Nhu 1_Nhu

for p large enough, for all ¢ € [u.,u|. Keeping in mind that all traders who have a low—valuation at
time w must have had a low—valuation at their last information event, and going back to equation

(A.10), this implies that, for p large enough:

Proba(} Qryu — 5~ Hhu } > ¢
1 — Khy

0, = E) < Proba (Tu < Ug
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as p — o0.

Proof of convergence for high valuation, u < Ty, in equation (A.11). With limited cognition,

if 6, = h and 6., = h, then ¢, , = 1. Thus, a necessary condition for 6, = h and |gr, , — 1| > € is

that 6, = ¢. This implies that:
0, = h) =e P +/ pe Pu=t) <1 — Mht) dt
0 Hhy

u /
_ / Fht g=p(u=t) g4 _, .
0 Mhu

Proba<}qmu — 1| > €

0, = h) < Proba <97u =/

where, in the first equality, 1 — pp¢/ pip is the probability of a low—valuation at time ¢ conditional on a
low—valuation at time u, and where the second equality follows after integrating by parts. Convergence
of the integral to zero follows by dominated convergence, since the integrand is bounded and converges

to zero for all ¢ < u.

Convergence of the distribution of asset holdings for v > Ts;. With unlimited cognition,
all traders with a low—valuation at time u > T hold zero asset. With limited cognition, low—valuation
traders hold zero asset if 7, > T¢(p) and 6, = £. Moreover, for p large enough and 7 small enough,

Ts <Ty(p) <Ts+n < u. Thus:
Proba(qmu > € ‘ 0, = 6) < Proba(Tu <T(p) ‘ 0, = €) = e PuTs(p) < g=p(u=Ts—n) _y

as p — oo. Lastly, let us turn to traders with a high-valuation at time u > Ts. With unlimited cogni-
tion, the distribution of asset holdings is indeterminate with a mean of s/pup,. With limited cognition,
take p large enough so that T¢(p) < u. The distribution of asset holdings is also indeterminate with

mean

Iy pe Pt g dt
fou pe= Py dit”

Integrating the numerator and denominator by part shows that, as p — oo, this mean asset holding

converges to s/, its unlimited cognition counterpart.

VIII.8 Proofs Lemma A.10, A.11 and A.12
VIIL.8.1 Proof of Lemma A.10

In the perfect cognition case:

“+o0o
I(s) = / Luerye ™ (1 — (1 - 5)e™)° du.
0

Since Ts = —vlog(1 — s) goes to +00 when s goes to 1, then the integrand of I(s) converges pointwise

towards e~"*. Moreover, the integrand is bounded by e~"". Therefore, by an application of the
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Dominated Convergence Theorem, I(s) goes to f0+°° e "™ du=1/r when s — 1.

In the market with limited cognition, for v > 0, we note that @Q,(s) is an increasing function of
s and is bounded above by (1 — )~ "/?. Letting s — 1 in the market clearing condition (17) then
shows that Q, — (1 — )~ Y/? > 1. Using that Ty > T, goes to 400 when s — 1, we obtain that the
integrand of J(s) goes to e”". Moreover, the integrand is bounded by e~"*. Therefore, by dominated

convergence, J(s) goes to 1/r.

VIII.8.2 Proof of Lemma A.11

In the market with perfect cognition, we can compute:

0T

Ts
I'(s) = / e e (1 — (1 —5)e™™) ! du + 5 (1—(1—s)e?™)7. (VIIL15)
0

S

The second term is equal to 0 since €775 = (1— 7, )1 = (1—s)~!. We then compute an approximation
of the first term when s goes to 1.

Consider first the case when r > «. Equation (VIIL.15) rewrites:
+oo
I(s)=o / Lyeriye ™" (1= (1 - 8)e™) ! du.
0

Since T goes to infinity when s goes to 1, the integrand goes to, and is bounded by, e~ ("= Therefore,
by dominated convergence, I'(s) goes to a/(r — 7).

When r = v, equation (VIII.15) becomes:

! = " _ _ yuyo—1 _ T o o Y(Ts—z) o-t _ T __—yz\yo-1
I'(s)=0 1I-(1-=s)e""" " du=0 1—(1-s)e dz=o0 (1—e)" da.
0 0 0

where we make the change of variable z = Ty — u to obtain the second equality, and we use that
1 — s = e 7T to obtain the third equality. The integrand goes to 1 when Ty goes to infinity. Thus,

the Cesaro mean I'(s)/Ts converges to o, i.e.:
I'(s) ~ oTs = —oylog(l — s).

Consider now that r < 7. We make the change of variable z = Ty — u in equation (VIIL.15):

o—1

I(g) = o (=) (Ts=2) (1 _ (1 — &\ Ts—2)
I'(s)=0 e 1—(1-s)e

Ts
dz = gei=7Ts / 07 (1 - )7 gz
0 0

+o0
= UQ(W_T)TS / ]I{z<TS}€_(7_T)Z (1 _ 6—’*/2)0'_1 dZ,
0

where we use that 1 — s = e™?7s to obtain the second equality in the first line. The integrand in

the second line goes to, and is bounded by, e=(¥=7)%(1 — ¢=7%)?~1 which in integrable. Therefore, by
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dominated convergence, the integral goes to 0+°O e~ ()2 (1-— e_W)U_1 dz when s goes to 1. Finally,

using that e 7”s = 1 — s, we obtain:

1 1-r/y p+oo o1
I'(s)~o < > / e~ ()2 (1—e7) dz.
1—s 0

VIII.8.3 Proof of Lemma A.12

Throughout all the proof and the intermediate results therein, we work under the maintained assump-

tion
Yy+y/oc—p>0<=v+o(y—p) >0, (VIII.16)

which is without loss of generality since we want to compare prices when o is close to zero. We start
by differentiating .J(s):

J'(s) = @e_rTfe_“/TfQU, + /Tf e_r“e_'yuﬂ du > /T2 e_r“e_W% du,

0s Ty 0 0s T 0s
where the inequality follows from the following facts: the first term is zero since QT; = 0; the integrand
in the second term is positive since @, is increasing in s by equation (17); and 0 < T} < T < T are
defined as in the proof of Proposition 3, as follows. We consider that s is close to 1 so that ¢, > 1 for
some u. Then, T1 < T, are defined as the two solutions of @7, = @7, = 1. Note that 77 and T3 are
also the two solutions of @Tl = @TQ. Because both Q, and @, are hump shaped, we know that Q.
and Q,, are strictly greater than one for u € (71,73), and less than one otherwise. For u € (T1,T5),
we can define v, > 0 as in Section 1X.2.2: Qy = (1 — ppy,) /. By construction, ¥, € (0,u), and, as
shown in Section VIII.8.4:

Oy y+o(y—p) (1 —e P4y e
s vp o— (=) (u—t) — o=(v/0) (u—tu) " (VIIL.17)
Plugging QF = (1 — fipy, ) = €% in the expression of J'(s), we obtain:
(s) s 1T =P [P (1— e Pv)erve
7o) > p ]Ca R e T ey T e R (VIIL18)

When r > ~. For this case fix some @ > 0 and pick s close enough to one so that that Qz > 1. Such

-1/

s exists since, as argued earlier in Section VIIL.8.1, for all u > 0, Qy — (1 — fpy) as s — 1. Since

the integrand in (VIIL.18) is strictly positive, we have:

o Y taly=p) [" ru (1—eP)erve
Ts) > p /0 B 58 S ey gy e T e
Y+o(y—p) 1

“ —ru (1 _ —pu\ YYu
” o e @) — o~ (/o) a—vw) /0 Lusmpe™ (1—e7) 7 du.
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where the second line follows from the fact, proven is Section VIII.8.4, that u—1), is strictly increasing
in w when 1, > 0. In Section VIIL.8.4 we also prove that 77 — 0 and that, for all u > 0, ¥, — u when
s goes to 1. Therefore, in the above equation, the integral remains bounded away from zero, and the

whole expression goes to infinity.

When r < 4. In this case we make the change of variable z = Ty — u in equation (VIII.18) and we

use that e s = (1 — s):

oy Atoly—p) [N L (1—epTem?) ervm
s > P / o B T — et T
y+oly—p) [T L (1—enTema)) ervm-e
> 0 /0 Hmax{T 13,0y <z<m 13} (1 = 8) 7€ e— (=N (Ts—z—v1, ) _ o—(v/0)(Ts—2—tr, )

where the second line follows from the addition of the max operator in the indicator variable and the
fact that the integrand is strictly positive. We show in Section VIIL.8.4 that, if ¢7,_, > 0, then:

.,
yto(y=p) \ P—v _ o\ l,—yz2 :
Tz 5 ( ’ ) (L—s)""e itp 7, (VIIL19)
e~ (Ho)(1 — 5)~le? if p =1,
and:
-1
_(p_"/)(TS_Z_QpT —z) _ _('Y/U)(TS_Z_'(pT —z) i p
e s e s > . VIII.20
< > v+ o(y — p) max{2p — 7,7} ( )

When ~ # p, we obtain:

v

10> (F2) T -

+0c0 T.
X /0 ]I{max{Ts—T2,0}<z<TS—T1}€_(7—7“)Z (1 — e s—Z)) dz.

(VIIL.21)

In Section VIIL.8.4 we show that Ts — T5 < 0 when s is close to 1 and that T} goes to 0 when s goes
to 1. Since T goes to infinity, these facts imply that the integrand goes to, and is bounded above by,
e~ (=72 when s — 1. Therefore, by dominated convergence, the integral goes to 1/(y —r). A similar
computation obtains when v = p.

Consider now the case v = r. When v # p, equation (VIII.21) rewrites:

vY+oly

J'(s) > ( 5

4 _
p)> 1 y To—Ti L e,p(Tsfz)> dz
max{2p —v,7} max{7Ts—75,0}

v

e—PT1 _ o=p min{7»,Ts}

(
_ <7+0(7

P max{2p — 7,7}

p)> o 7 (TS — Ty — max{T, — Ty, 0} —
P
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Since Ts — T < 0 and 71 — 0 when s goes to 1, the last term in large parenthesis is equivalent to

Ts =log((1 — s)~')/y when s goes to 1. A similar computation obtains when v = p.

VIIL.8.4 Intermediate results for the proofs of Lemma A.10, A.11 and A.12

Derivative of the v, function when v, > 0. When ¢, > 0, time-¢ low—valuation traders hold
Gt =1if t <Py, and ¢ = (1 — uht)l/"(l — ,uhwu)_l/" if t > 1,,. The market clearing condition (17)

rewrites:

Pu (U (7
/ P (1 — ppy) dt + / e (1 — ppe) T (1 — uhwu)_l/g dt = / et (s — ppt) dt. (VIIIL.22)
0 w 0

We differentiate this equation with respect to s:

a w u _ U
: 7/ (1 = pne) (1 = g, )7 dt = / .
88 g Pu 0

After computing the integrals and rearranging the terms we obtain equation (VIII.17).

Limits of 77 and 7> when s — 1. For any w > 0, when s is close enough to 1 we have @), > 1 and
thus 77 < u < T5. Therefore 77 — 0 and T — oo, when s — 1. To obtain that 15 > T when s is
close to 1, it suffices to show that QTS > 1 for s close to 1. After computing the integrals in equation

(17) and using that e = 1 — s, we obtain, when 7 # p:

Y=p p(p—) p e

QT3=< 1 +'y(1—8)1_$+1—8) Y +y/o—p
1—(1—-s) ~

When v < p, Qr, goes to infinity when s goes to 1. When v > p, Qr, goes to (y+v/o—p)/(v—p) > 1.
When v = p, a similar computation shows that @Ts ~ (v+ /o — p)Ts, which goes to infinity.

Proof that u — 1, is strictly increasing in v when 1, > 0. When p # ~, after computing the

integrals in (VII[.22) and rearranging, we obtain:

1 1 1
n el _ 1 (1 (/o))
(p—v 7+7/0—p>< ) 7+7/0—p( )

Yu _ o= (p—)u
—(1— s)%. (VIIL23)

Taking the derivative of the left-hand side with respect to u — v, we easily obtain that the left-hand
side of that equation is strictly increasing in u — ¢,,. Since the right-hand side is strictly increasing in
u, then u — 1, is a strictly increasing function of w.

When p = v, the same computation leads to:

U—1Yy U
/ (6_7/” - 1) dz + / e (1 —s5)dt=0
0 0
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which is strictly decreasing in u — 1, and strictly increasing in u, implying that u — v, is a strictly
increasing function of u.

Proof that 1, — u when s — 1. As noted earlier in Section VIIL8.1, for any u, Q. — (1 — ppy) "/

as s — 1. Together with the defining equation of ¥, @, = (1 — uwu)l/", this implies that 1, — u as
S —.

Proof of equation (VIII.19). When v # p, we make the change of variable z = Ts — u in the
market clearing condition (VIII.23):

ytv/o—p
< : + 1 )e(P—W)wTsz (=) o e/ p)ze(V/"WTS*Z
p—7 +vlo—p T+Y/o—p
_ —(p—7)z —pz 1—
(- S)i% e € 4 8’ (VHI.24)
p=v P p

where we have used that e=7%s = (1 — s). This implies that:

1 1 o e Pz ez
+ P2 5 (1 — )75 _
<p—7 7+'y/0—p> p—" p

- : s 5 (1 - g5
(b= +oly—p) pp—

where, to move from the first to the second line, we have collected terms on the left—-hand side and
used e ”* < e~ (P~)% on the right-hand side. Equation (VIIL.19) then follows after applying to both

sides the increasing transformation:

. <(p—7)hi0(7—p)]x>fgv

Finally, when v = p, after computing the integrals in the market clearing condition (VIII.22), making
the change of variable z = u — Ty, and using that e™7’s = (1 — s), we obtain:

1 — 6_(7/0—)(TS_Z_71DT572) e_’yz ]_ — S

TS_Z_wTsfz_ - -
/o g gl

This implies:

o e * oc+1
wTs—z>Ts_Z_*_ >T5—Z— )
v v Y

from which equation (VIII.19) follows by multiplying by ~, taking the exponent of the expression, and

using that e 775 = (1 — s).

Proof of equation (VIIL.20). When 7 # p, we make the change of variable z = T — u in equation
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(VIIL23):

< 1 1 ) o= Tamz—try ) _ L )0y Tamzmvor, )
p=7 y+v/o—p T+y/o—p
1 —vz —vz—p(Ts—2)
zp_v—ep + £ — (VIIL25)

When p > v, we add —1/(p — ) x e~/ Ts=2=¥r—2) " wwhich is negative, to the left-hand side of
(VIIL.25) and obtain:

e~ (0=N(Ts—2=¢r,—2) _ o= (v/0)(Ts—2=¢1, =) 1 e=7 e~ p(Ts—2)
< —
! (p =7y +oly—0p) p=7 P p
— () Ol ) (p =y +aly—p) ( 1 . 1)
v p—7 p
R i R I L R (20— 7)[’7[; o= (VIIL26)

where we move from the first to the second line by multiplying both sides by (p —v)[y+ o(y — p)]/7,
which is a positive number since p > . Equation (VIII.20) then follows.

When p < 7, we also add —1/(p — ) x e~ (7/O)(Ts=2=9n,—2) t6 the left-hand side of (VIIL.25). But,
since p < +y this term is negative so we obtain the opposite inequality. This inequality is reversed when
we multiply both sides of the equation by (p — ¥)[y + o(v — p)]/7, which is a negative number since
p <. Thus, we end up with the same inequality, (VIII.26), and equation (VIII.20) follows.

Finally, when v = p, equation (VIIL.20) follows since 1 — e~("/)(Ts=2=¥r—2) < 1,

VIIL.9 Proof of Lemma A.13

One sees easily that, since the left—hand side of (A.16) is strictly increasing and s > o/(140), equation
(A.16) has a unique solution. Moreover, since s < 1, the left-hand side of (A.16) is greater than the
right-hand side when evaluated at pyr,, implying that T, < T. Next, define

)
H(t,¢) E/ e’ g(pnt, thu) du,
t
where g(z,y) = (1 —y)'™/(s —2) — (1 —2)" V(s — ).

Let t <Ty and x = ppg. Since x = pp < pnt, < PpT, = S, the function y — g(x,y) is strictly convex.

Moreover, g(x,z) = 0, and

@(x7x>:(1_$)1/a [f_— (1+i>s+1]

This partial derivative is strictly negative since < upz,. Therefore g(z,y) is strictly negative for

y just above x. Since g(x,1) = (1 — z)'*/9(1 — 5) > 0, this implies that y — g(x,y) has a root in
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(z,1). Because of strict convexity it is the only root; we denote it by ppy with ¢/ > ¢. It follows that
¢ — H(t, @) is strictly decreasing over [t,t'] and strictly increasing over [t',+00). Now we note that
H(t,t) = 0. Moreover, H (t,¢) goes to +00 when ¢ — +oo: indeed, pip, converges to 1 when u — +o0
and g(z,1) > 0. Taken together, this means that ¢ — H (¢, ¢) has a unique root ¢; > t' > t.

We now establish that ¢ — ¢, is a strictly decreasing function. First we note that 0H/d¢(t, ¢y) =
et g(1nt, png,) > 0 since ¢y > /. Then,

OH

bt o
g
E(ta ¢t) = _6ptg(:uht7 ,u’ht) + ,u;zt /t ePU%(Mht’ /’Lhu) du.

The first term is equal to zero because g(z,x) = 0 for all z € [0, 1]. To evaluate the sign of the second

term, we note that

ot uag o u 1+1/0 1 1/o
/ e o (Bt pip) du = / e’ | = (1 = phu) (14 ) (U= ) (s = pia) | du.
t t

But, since H (t, ¢;) = 0, we have

1+1
/d)t P (1 — pp) V7 du = A = )7
t S — [ht

bt
/ ePU(s — ppy) du.
t

Plugging this into the equation just before, we obtain that 0H/0t(t, ¢;) has the same sign as

1 1
(1uht)+(1+> (Suht)=m+<1+>81,
g g o

which is strictly positive since ¢ < T;. An application of the Implicit Function Theorem shows, then,
that ¢; is strictly decreasing and continuously differentiable.

It remains to show that limt_>T¢ ¢t = Ty and that ¢9 < Ty. First, note that since ¢ is strictly
decreasing for t € [0,Ty), it has a well defined limit as ¢ — T,. Moreover, it must be that ¢; > Ty.
Indeed, if ¢;, < Ty for some t1, then for all to € (¢y,,Ty) we have ¢y, > ta > ¢,, which is impossible
since ¢ is strictly decreasing. In particular, we must have that lim;7, ¢+ > Ty. Now, towards a
contradiction, assume that lim;—1, ¢+ > Ty. Note that, given dg/9y(un,, thu) > 0 for all u > Ty and
Q(HhT¢,MhT¢) = 0, we have g(uhT¢,uhu) > 0 for all u > Tj. Therefore

lim¢ 7y ¢
pu = 1 = 1i =
0 [ e g ) e = B Ty g 60) = Jig H(1,00) = 0.

by continuity of H, which is a contradiction. Therefore, we conclude that lim,HTd) ¢ =Ty.
In order to show that ¢g < T we only need to show that H(0,7) > 0 because H(0,$) < 0 for all
¢ < ¢g. But we have

Ty Ty
H0.77) = [ e = ) osdu— [ e (s = ) du >0
0 0
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since the first integral is strictly positive and the second integral is equal to zero by definition of 7.

VIII.10 Proof of Lemma A.14

Direct calculations show that

d 5 — fint Py 1 Hht
— = 1+—-—)—-1—— VIII.27
dt [(1 - Nht)1+1/g:| (1 — pane) 2410 o o ( )

The first multiplicative term on the right-hand side is always strictly positive because p;, > 0. When

t = T}, the second multiplicative term is zero by definition of Ty,. When t < T, it is strictly positive

given that up; is strictly increasing.

VIII.11 Proof of Lemma A.15

Let us now turn to the proof of Lemma A.15. For t < Ty, rp; — p; is given by equation (A.18). Since
d <1, (s—punt)/(1 = ppe) <1, and using Lemma A.14, we obtain that rp, — p; > 0. In order to show
that it is strictly below 1, we need some additional computations. First, note that equation (VIIL.27)

implies that:

i S — Uht 7 — 0y S — HUht ot /jht s 1+1 _1_@
dt (1 _ Iuht)1+1/a (1 _ Nht)H_l/a (1— ,Uht)QH/" o o |
Next, we plug p), = (1 — upe) in the above, and then we plug the resulting expression in equation

(A.18). After some algebraic manipulations, we obtain:

Dt — Pt

_ o 1— ol
—1-§ (S“’”> {1 - {1 to-o “’“] 7 / eI =D (1 _ du} . (VIIL28)
1 — ppe $—pnt] 1 —pine Ji

One easily check that the term in brackets, 1 + o — o (1 — ppe)/(s — pine), is strictly smaller than 1
because s < 1, and greater than zero because t < Ty. On the other hand, after multiplying the integral
term by v/(1 — ppt) = ve?* we find:

S (1 - e—<”+ﬂ+’7>(¢t—t>) <1 (VIIL29)
r+p+v
Taken together, these inequalities imply that rp; — p; € (0,1).
For t € (Ty, ¢o), rps — Py is given by equation (A.19). We have (1 — ,uh¢t_1)/(1 — ppe) € (0,1) since
¢yt < Ty <t and (s— uh¢t_1)/(1 - uh¢;1) € (0,1) since ¢; ' < Ty < Ts. Therefore rp; — p; € (0,1).
For t € (¢o,Ty), rp: — Pt is the same in the ATE, thus it also lies in (0, 1).
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VIII.12 Proof of Lemma A.16

Plugging equation (VIIL.28) into the definition of @Q),,, we obtain that, for u € (0,T}),

1/c
_ S~ Phu _ gl _ o (rtpty)(Pu—u) _ 1 — fiha
w = 1 1 P 1 _— .
N (1—uhu)1+1/"[ T+ﬂ+v( ‘ )< T

From Lemma A.14 we know that (s — )/ ((1 — pupe) /7 is strictly increasing in u over (0, Ty).
In the term in brackets, the first term in parentheses is strictly positive and strictly decreasing in u
since ¢, is strictly decreasing. The second term in parentheses is strictly positive because u < T and
it is strictly decreasing in u since pip, < s <1 when u < Ty < Ts.

For t € (T4, ¢o),

S = Hpyot
(1 _ Iuh(b;l)l—i-l/cr

Qu:

This is a strictly decreasing function of u because u ++ ¢, ! is strictly decreasing and belongs to (0, T, b))
and z +— (s —z)/(1 — )1/ is strictly increasing over (0, pnt,) by Lemma A.14.

For t € (¢0,T¥), Qu = @, Since u — @, is hump-shaped by Lemma A.4 all we need to show is
@;O < 0. To that end, note first that H(0, ¢g) = 0 writes as

b0 b0
/ e (1 _Nht)H—l/JSdt:/ e’ (s — pne) dt.
0 0

From the proof of Lemma A.4, in Section VIIL.3, equation (VIIL.5) we know that @;0 has the same

sign as
Ll 141 1+1
| e [ ) 7 (s = ) = (U ) s = )] .
0
Replacing the first equation into the second, we find that Q;O as the same sign as

8 — [thao — 5(1 — Hhgy) 7 = —g(0, g, ),

where the function g is defined in the proof of Lemma A.13. But we already know from this proof
that ¢(0, pthg,) > 0 has to hold for H(0, ¢9) = 0, which from the above imply that @;O < 0.

It remains to show that u — @, is continuous at v = T and u = ¢p. Starting from equations
(A.18) and (A.19), continuity at u = T, follows from ¢ibl = T, and Lemma A.14. Turning to continuity
at u = ¢p, (A.19) evaluated at t = ¢ yields Q¢3 = s. On the other hand, plugging H (0, ¢9) = 0 into
the definition (A.4) of @), we obtain that Qq%r = Qy, = 5
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VII1I.13 Proof of Lemma A.17

By construction the price is continuously differentiable in all the open intervals (0,7y), (T, o),
(¢0,T%), and (T, 00). Let us show that it is also continuously differentiable at the boundary points
of these intervals. First note that, by definition of Q¢, in equation (A.22), it follows that

oy =1 —0(1 — pp) Q5 + Pu- (VIII.30)

Since by Lemma A.16, @, is continuous over (0,7), and since the price is continuous by construction,
it follows that p, is continuous over (0,7y) as well. Turning to t = Ty, we have Qr, = @Tf =0
by definition of Ty and of @, in equation (A.4). Plugging Qr, = 0 in (VIIL.30), it follows that
rpr, =1+ pr_. Since pr, =1 /r it follows that pr— = 0. Since p; is constant for ¢ > T, this shows
that p; is continuous at T'.

Next, we show that the price is strictly increasing over (0,7). We start with the time interval
(T, Ty). Since by Lemma A.16, Q, is strictly decreasing over (Tj,T}), it follows that A, = (1 —
,uhu)l/ ?(Q,, is strictly decreasing over (T, 7). Using the same argument as in the proof Proposition 1
in Section A.3, it follows that the price is strictly increasing over (T, T¥).

The proof is more difficult for the initial time interval, [0,T,]. We start by defining, for ¢t € [0, Ty]:

Clearly, since pup is strictly increasing, we have §; < 0. Also, using p}, = (1 — ppe) one easily sees

after some algebra that:

_ o—1
B N {172 Y O DY) (VIIL31)
(1 — pnt)? o o

for ¢t € [0,Ty], by definition of T}. With the definition of d;, and keeping in mind that 1 — pp = e~ 7,
ODE (A.18) writes:

d o
rpr —pr=1—0; + 7 [(5te'yt] e_’yt/ e~ (rtoty)(u=t) g,
t
0 + 79 —(r+p+7) (br—1)
=1- 5)5 + — (]_ — e PTYIPt ) (VIII32)
And, ODE (A.19) writes:

rpe—pr =1 1095 1. (VIIL33)

t
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Next, we differentiate equations (VIII.32) and (VIIL.33) to find ODEs for d; = py:

; / ’ (r+p+7) (Pt =) ( 4/ Y04 + 6f (r+p+7) (Pt —t)
: — = — —\rTpTY) (Pt — _ R 2 2 = (rtpty)(Pr—
te(0,Ty): rdy—ds 8+ [v6 + &7 e (7 — 1) + R (1 e )7

. - 1 _
te (Ty, o) : rdy—di = *5;;16_7@_% Rt {75%_1 + 5;%_1} (1 ~ 7 1) eVt ),
b

We already know that the price is continuously differentiable and hence that d; = p; is continuous

over [0,T¢]. This allows to write:

ol .
dy = / e "(=t) (rdu - du> du+ e "0, .
t

Since ¢y > Ty, we already know that dg, > 0. So, in order to show that d; > 0, it suffices to show that
the integral is positive. To that end, equipped with the above analytical expressions of rd; — d;, the

integral can be written as sum of five terms:

Ty
Term (I) : —/ e "G du
t

o1 )
Term (IT) : — / e T(u=t) g _16—7(u—¢)u1) du
7, bu
Ty / 17
Term (IT1) : / or(u—t) Y0u + Oy (1 _ ef<r+p+w>(¢ru>> du
t r+p+y

T,
Term (IV) :/ ’ e~ T(u—t) [v0u + 8, (¢, — 1) e~ (rtot)(bu—) g,
t

1 —1
—r(u—t) ! - —y(u—dy )
e [75@:1 + (5@1] (1 ¢;_1> e’ du.

We make the change of variable u = ¢, in Term (V) and obtain that

Pt

Term (V) : /

Ty

T,
Term (V) = / ’ ezt [v6. +0.] (1 —¢.) e~ (rtM(6:-2) 4,
t

Since, by equation (VIIL.31), vd, 4 0., > 0 for z < T}, and since by Lemma A.13, ¢, <0, this implies
that the sum of terms (IV) and (V) is positive.

Next, since

1 — e~ (rtp+7)(¢u—u)

r+p+7v

= /¢u e~ (rtr+1)(z—u) 4,
u

we can rewrite Term (III) as

T¢ Pu
/ [yo1, + 5Z]e(p+7)“ / e (Ptz=r(z=1) g gy,
t u
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o

T o1, =Ty
t
0 U

t Ty
Figure 7: The green vertical line is the segment u = ¢, from u = 0 to u = ¢;. The blue upward
slopping line is the segment z = u, from v = t to u = Tj4. The red downward slopping curve is

the function z = ¢,,, from v =t to u = T;. Thus, the domain of integration is the area enclosed
in the “triangle-shaped” area between the green line, the blue line, and the red curve.

Using the graphical representation of the domain of integration shown in Figure 7, we switch round

the two integrals and obtain
Ty [ [z
Term (III) :/ [/ [vo!, + 5;’]6(0-5-7)11 du] e~ (p+z=—r(z=1) 4,
t t

o [ pozt
+ / t [/ [yd!, + 6!l u du] e~ (PH)z=r(z=t) gy
T, |Jt

Since d; < 0, it follows that

[0, + 01el T > [(p+ )8, + Byt = di [ etrt]
U

Plugging this inequality into the last expression we found for Term (III) and explicitly integrating

with respect to u, we find
To
Term (I11) > / [sLetrt= _ gpelr] e~ (pzre=t) g
t
¢
+/ ' [5/ ,16("“)‘1’2_1 _ 5£e(p+v)t} e~ (Pt 1)z—r(z—1) g,
7, L%

Ty bt . Pt
S / §e 0 4y 1 / g, 1o e )ore) g / 5o~ T+t gy
t Ty, 77 t

The last term is positive since §; < 0. The first term cancels out with Term (I). Adding up the second
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term in the above equation with Term (II), we obtain

/¢t A GNP ) [ C = e—v(z—@_l)] dz,
T, ¢=

which is positive given that 0], < 0. Taken together, this all show that the sum of Terms (I) through
(V) is positive, and hence that d; = p; > 0 for all ¢ € [0, Tp).

VIIL.14 Proof that condition (i) and (i) hold

From the definition of M (u,q) in equation (A.27), and keeping in mind that &, = 1 — 6(1 — upy) QY
by definition of @Q,, we have

oM 1_Hh 1_IU'hu
U q)=1—§, —d— g — s —huyq 7 _ ). VIIL.34
aq( q) 3 — — (1 = pne) Q7 — 4] ( )

By the definition of ¢, in equation (A.22) and (A.24) this implies that

M
aaq(u,qt,u) =0 forallte (0,Ty], u € [¢y,Ty); and for all t € [Ty, T¢), u € [t,Ty]. (VIIL35)

This clearly implies that condition (i) holds for ¢ > Tj. For ¢ € (0,T}], we define

o M
Ny = / 6_(T+p)(u_t)687(ua Gtu) du.
t q

First, we note that ¢, = T, implies Ny, = 0. Then, we differentiate N; with respect to ¢
@ Y P

M & o [OM
N{ = (r+p)N; — 9 (t,q,t) +/t 6_(r+p)(u_t)a [%(U, Qt,t)} du
=(r+p)Ne — (1 - & — da7;) — 5/¢t e~ (rtu=t (1 Mhu)g % du
o t Ot |1 — it

= (r+p)N,

where: for the first equality we used that OM/0q(u, q;4,) = 0, and in the integral we have substituted
Qtu = qit since u € [t, ¢¢]; we obtain the second equality by evaluating OM/Jq(u,q), in equation
(VIIL.34), at (t, g+); we obtain the third equality from equation (A.18) and gt = (s — pne) /(1 — pine)-

Therefore we have a differential equation for Ny. Given the boundary condition Nz, = 0, we have

Ny =0 foralltel0,Ty. (VIII.36)
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With this in mind, we turn to condition (7) for ¢ € [0, Ty] and note that:

Ty OM ¢t OM Tr oM
—(r+p)(u—t) 9N _ —(r+p)(u—t) 9N om
/t e 94 (U, @tu) Gt ,u dut Qt,t/t e 94 (ant,u)dU+/t 94 (U, Gtu) e du

T
=qt 1Nt + /tf ?j(u, Gt,u)qtu du =0,
where: we obtain the first equality by breaking the interval of integration into [¢, ¢;] and [¢;, Tf], and
noting that ¢;, = g+ over [t, ¢;]; we obtain the second equality by recognizing that the first integral
is equal to IVy; the last equality follows from (VIIL.35) and (VIIL.36). This establishes condition ()
holds.

Let us now turn to condition (77). Note first that this condition holds for t € [Ty, T| since in that
case OM/0q(u,qiu) = 0. To show that it also holds for ¢ € (0,T5), we show:

RVIIL.8. There exists ui € (t, ¢¢) such thatw — OM/0q(u, qu) < 0 foru € (t,u1) and OM/0q(u, ¢t) >
0 for u € (u1, ¢r).

Indeed, by equation (VIII.34):

. oM :
sign [aq(u,qt,u)} = sign [Fy,]  where Fi, = (1 — pupe) Q7 — ¢7 -

By Lemma A.16 we know that @, is strictly increasing before Ty and strictly decreasing after 7.
Also, by construction of the candidate LOE, ¢ ,, is constant over [t, ¢;]. Thus F), is strictly increasing

over [t,Ty), and strictly decreasing over (T, ¢¢]. Second, when v = t, we have:

F= (- )@ - iy =15 == 5 [1-s (S2) g

’ 4 ’ 0 1 — pne

where the first equality follows by definition of @,,, in equation (A.22), and the second equality follows
by definition of ¢ for t € (0,Ty), in equation (A.21). Now, by equation (A.18) and Lemma A.14, this
last expression is strictly negative for ¢ < Tg, i.e., Fy < 0. Third, the asset holding plan is continuous
at u = ¢y so Fy, = (1 — ,uht)Qgt —qfy=(1— ,uht)Qgt — gy 4,- But this last expression is equal to zero
by equation (A.22). Taken together, the above shows that F, is increasing over [t, T], decreasing over
[Ty, ¢¢], negative at v = ¢, and zero at u = ¢;. This shows that there exists u; € (¢, ¢;) such that
F, <0 for u € (t,u1) and F, > 0 for u € (u1,¢¢). Because u — 0M/0q(u,qt,) has the same sign as
F,, result RVIIL.8 follows.

Next, for any decreasing function g; ., we have

Tf aM q
l e (0 )

“eo r u— oM ~ & —(r u— oM ~ ~
S/ € (r+p)( t)aiq(uy Qt,u)Qt,ul du + / € (rp)(u—t) u, Qt,u)Qt,ul du = NtQt,ula
t u1l

aq ¢
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but N; = 0 because of (VIII.36), and therefore condition (i) holds.

VIII.15 Proof of Lemma A.19
For t € (0,4, ). In the ATE, time—t low—valuation traders hold:
Gl = min{(1 — ppe) /7 Q4T F 1}, (VIIL.37)

In the LOE, on the other hand:

gLOF = ST Pnt
b 1 — e’

which is strictly less than 1. Thus, if qg"‘EE = 1, we have that qtﬁ?E < quE. Now, if qg‘fE <1, we

write

S — Uh
LOE _ (1 - Nht)l/a Hht

4t ,u (1— /Jht)H_l/U
S — /thrl
< (1 o ///ht)l/a w
(1- /~Lh¢>51)1+1/0
= (1 - Mht)l/aQﬁoE

where the first line follows by multiplying and dividing by (1 — z5¢)"/?, the second line from Lemma
A.14, and the third line by combining equations (A.19) and (A.22). Therefore, if QATF > QLOF

implies that ¢2OF < (1 — pp)V7QATE = qﬁ‘f E given equation (VIIL.37) and our assumption that

t,u
ATE
Qi < 1.

For t € (¢,%,u). In the ATE, time-t low-valuation traders holdings are still determined by
equation (VIIL.37). In the LOE, their holdings are given by

ar = (1= ) Q0%

Since QZ‘TE > QﬁOE and qfl?E < 1, it follows that qf}gE > ¢LOE.

t,u

VII1I.16 Proof of Lemma A.20

For p > 0, T} is defined as the unique u > 0 such that:

Kup) = [ (s = i) di =0,
0

This equation has a unique strictly positive solution when p > 0. When p > 0 it is equal to T7%.
When p = 0 we denote it by Tf. Moreover, K (-, -) is continuously differentiable in u and p with
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oK /3u(T 't,0) # 0. Thus, by the Implicit Function Theorem, the unique strictly positive solution of
K (u, p) = 0 is a continuous function of p in a neighborhood of p = 0. In particular, Ty — Tf as p — 0.

We now prove an analogous result for QfTE . The only subtlety is that the support of QfTE , which
is (0,7), implicitly depends on p. We first note that, since 0K /0u(T}, p) < 0 and 0K /0p(Tt, p) < 0,
then T is decreasing in p, i.e., T increases to Tf when p decreases to 0. Therefore, for all u < Tf, QfTE
is well defined for p close enough to zero. Using the same argument as for T, in this neighborhood of

p =0, QATE goes to a well-defined limit QfTE satisfying:

u

/ (1 — pg) min{ (1 — ppe) /7 QATE 1} dt :/ (s — pne) dt.
0 0

The price p//TF is obtained by integrating the ODE (18) over ¢ € [u, T}]:

u

Ty
ZlTE _ e—T(Tf_U)% +/ e—r(t—u) [1 — 5(1 - ,uht)( fTE)U] dt.

By continuity, prE goes to:

R 1 Ty .
ﬁfTE — efr(Tffu)i +/ efr(tfu) |:1 - 5(1 - Nht)( iATE)O’:| dt.
r u

Using similar arguments, we obtain analogous results in the LOE. Time T} does not depend on p,

thus T¢ =Ty. For all t € [0,Ty), ¢+ goes to the unique b € (Ty, Tf) such that:

bt
/ [(1 — ) TV (s = png) — (1= )7 (5 — ) | du = 0.
t

The price path also goes to a well-defined limit pLOF satisfying the same ODE as when p > 0 after
letting p = 0.

VIII.17 Proof of Lemma A.21

In the ATE, after integrating the ODE for the price over u € [0, ¢p] and taking the limit p — 0, we

obtain:

. 0 .
T = AT [T 151 - ) (QUTEY du
0
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Inspecting the proof of Proposition 3, one notes that it does not use the fact that p > 0. Therefore it

ATE
Q4

still holds when p = 0 and u — QATE is hump-shaped. We also have =g, and:

AATE fo% (5 — pne) dt
f .
T = ) Y dt

)

where the inequality follows from the market clearing condition (17) and the last equality comes from
the definition of ¢g, equation (A.17). Taken together, these facts imply that:

o
TP < e BpATE [T e = 51— )] du
0

For the LOE, we integrate the ODEs (A.18) and (A.19) over u € [0, ¢g] and we take the limit as
p — 0. It follows that:

R T¢ 8 6u (gu
pEOF =e T pEOF + /0 e [1 —0ut 5o [ } / e T — ppz) dz | du

1- Hhy
+/¢0 el - g | T M

where 6, = 0((s — pthy)/(1 — pipy))?- In the first line, we can compute the double integral by switching

du,

the order of integration as in the proof of Lemma A.17 (see Figure 7, page 65 in this supplementary

appendix):
To oo O &
—ru Y U —r(z—u) (1 _
e e 1 dz du
L e e e a -
To = 0 64 ¢ 5
= e F— 1— pps dudz+/ / [ “ ] 1— pp,) dudz
/O / ou [1—uhu]( Hh) 1 — phu ( tz)
Ty _ 0, 2 _ 5&-1
:/ (1 = pnz) [1 - 50} dz + / (1 = pinz) 172 —do| dz.
0 — Hhz Ty T Hpgt

~ALOE

Plugging this back into the expression of py™~* and substituting dgp = 057, we obtain:

o
BOF = T GEOP 1 [ (1= 81— pn)s?) du
0

SATE
%o

~ATE ALOE

Since p5* " = p¢ , we obtain that py* = < py

VIII.18 Constructing the limit order book

Consider, at some time u and for some ask price a € (pr s pr), the volume of limit sell orders with

ask price in [a,a + da]. These order have been submitted by traders who had an information events
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before u, in order to reduce their holding during the interval [z, z +dz], where p, = a and, by the chain

rule, p, dz = da. Namely, a trader who had her last information event at ¢ € (0, u| plans to execute
ﬁ . - 1/o
2 min{(1 - )7Q..1}| d2

during [z, z + dz]|. Note that the partial derivative is well-defined except possibly for one value ¢ such
that (1 — pp)Y/°Q. = 1. Integrating over all times ¢ € (0,u], and using that dz = da/p., we obtain

that the volume of sell orders with ask in [a,a + da] is:

Su,a da = / pe—p(u—t)(l - :U'ht)
0

o . - da
5 min{(1 — 1) Q.., 1} 5 dt,
The volume of limit sell orders outstanding in the book as of time u < T is:

PTf
Sy = / Su.ada. (VIIL38)

max{pu.pr,,}

Sy is represented in Figure 6 (lower panel) as well as in Figure 8 (lower panel).
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IX Proofs omitted in the supplementary appendix

IX.1 Proof for Section 1
IX.1.1 Proof of Lemma 1.1

We define the expected discounted utility as in LR

+o0
v(0,q) = (r+ m)/ e~ TS E[u(0r4 s, q) | 0 = 0] ds,
0

for 0 € {h,¢} and ¢ > 0. Using that

Problf;.. = h|6; = h| = _('YIL"F'YZ)Z_i_L 1 — e~ (mt0)2 IX.1

rob|f.+ | 64 J=e o+ ( € > ( )
_ _ _ e —(vnte)z

Problb;, . =£|0; = h] = 1 ThTYE 1X.2

rob[f+ | 0 ] ~h + ( € ) ( )

we can compute the integral in T(h, q) to obtain

r+ K 1
o(h, q) = h,q) + h,q) +vev(l,q) ). X.3
o) = )+ (el ) (1X.3)
And symmetrically:
r+ K 1
B(l,q) = 0.q) + hoq)+vew(lq) ). TX 4
T60) = e ul6a) + e (ot + (o)) (1X.4)

Plugging in the analytical expression for the utility flows, we find that ©(h,q) and T(¢, q) are strictly

concave over ¢ € [0, 1], with derivatives

_ Ve
h, = 1- o
Uq(h, q) T+ R+ n e
vg(l,q) = 1- b q’,
r+K+v+ Y

and constant over g € [1,400).
Similarly to Lagos and Rocheteau (2009), given some price p > 0,'2 traders’ optimal asset holdings

are given by the first—order condition

0 if 94(0,0) <rp
q0 = (@q)—l(a,rp) if 74(0,1) <rp <7y (0,0)
if 6(1(9’ ]') 2 rp,

120ne easily rules out p = 0: in that case all traders would want to hold more than one unit, which would
violate market clearing given that the aggregate supply is strictly less than 1.
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for @ € {h,¢}. They also satisfy the market clearing condition

h qn + gL Qe
Yh + Ve Yn + Ve

First, both g, > 0 and gy > 0. Otherwise, if either ¢, = 0 or g, = 0, the fact that T,(h,0) = 74(¢,0)
would imply that g = g5, = 0. Otherwise, the first—order conditions would imply that ¢, = 0 and
ge = 0, which would contradict market clearing. Second, we have that g < 1. Otherwise, if gy = 1,
then the fact that v4(h,1) > 74(¢,1) would imply that ¢, = 1 as well, which also contradicts market
clearing. Taken together, these two remarks imply equilibrium allocations come in only two flavors: we
can have an “interior” equilibrium allocation with g, € (0,1) and ¢, € (0,1); or a “corner” equilibrium
allocation where g, = 1 and ¢, € (0, 1).

If the equilibrium allocation is interior, then the high— and low—valuation marginal utilities are

equalized, implying that ¢, = g, where

~ 1/o
€= <e> € (0,1).
T+ K+

Substituting into the market clearing condition leads to equation (I.1). Using the formula for ¢, one
finds that g, < 1, if and only if

g < Yh + €Y

o (IX.5)

If the equilibrium allocation is at a corner, then ¢, = 1 and the market clearing condition then
implies the left part of equation (I1.2) for the expression of g,. For this allocation to be the basis of an
equilibrium, we must have vg(h,1) > v4(¢, 1), which after some simple algebra is easily shown to be

equivalent to

o> Yh + €Ye

T ot (1X.6)

which is the opposite of (IX.5), implying equilibrium uniqueness.

I1X.1.2 Proof of Proposition 1.1

For Point (i), note that ¢ — 1 when r + k — 0. But when ¢ is close enough to 1, condition (IX.5)
implies that the equilibrium is interior since s < 1, therefore gy and ¢, are given by equations (I.1).
In turns € — 1 then implies ¢y — s and ¢, — s.

For point (i7) note first that & decreases with r + x and that the equilibrium is interior if r + « is
small enough. Therefore there exists ¢ (possibly +00) such that the equilibrium is interior if r + k < ¢
and corner if kK > ¢. When k < ¢, q¢ < s is strictly decreasing in r + k, while ¢, > s and is strictly
increasing in r + k. Therefore the dispersion of asset holdings ¢, — gy increases strictly with r + k.

When r + k > ¢, ¢, and gy do not depend on r + k. Overall, this shows that the dispersion of asset
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holdings is weakly increasing in r + k.

1X.1.3 Proof of Proposition 1.2

Trade volume is equal to the measure of high-valuation investors meeting a dealer, times the probability
that a high—valuation investor was in the low state the last time he met a dealer, times the trade size
qrn — q¢- The flow of high—valuation investors meeting a dealer, and who had a low—valuation at their

last contact is:

+
p/ Oopefpti Th (1 _ ef(wﬂrw)t) dt;
0 Yh + Ve Yn + Ve

where: p is the flow of investors currently meeting dealers; e~?! dt is the probability density that an

investor had her last contact time ¢ periods ago; ve/ (v, +7¢) is that the investor’s type was low ¢ periods

ago; and 7y, /(yn + 7¢) (1 — e~ (10 is the probability of being in the high type now, conditional on

being in the low—type ¢ periods ago. Computing the integral we obtain that trade volume is equal to
Yh e

V=p an — qe)-
’Yh+’YzP+’Vh+’Ye( )

Now, to prove point (i), let » + k — 0. As shown in Proposition I.1, both ¢, — s and g5, — s, and
so qp — q¢ — 0. Since either i or p is fixed for the proposition, p must remain bounded as r + k — 0.
Taken together these remark imply that V vanished to 0.

For point (i7), note that since p(vnve)/[(7n + Ye)(p + Yn + Ye)] is strictly increasing in « for a given
7, and constant for given p, and since g, — q¢ is (weakly) increasing in r + k according to Proposition
1.1, it follows that trade volume increases strictly with .

Lastly, for point (iii), with two types the distribution of trade sizes is degenerate: all trades have

the same size, q; — gp, which increases with «.

1X.1.4 Proof of Proposition 1.3

Proof of point (i). Note that, as in LR the fees are equal to:

?(0,q) =

r+ K [U(Q7 qe) - 7(9, (D - rp(‘]@ - Q)] ) (IX7)

a fraction 1 of the trading surplus, for 6 € {h, ¢} and ¢ > 0. Therefore

0 n
Fq[¢<97qn - "+ k5

[~T4(0,9) + 1] (IX.8)
Consider first the case § = £. Since g, € (0, 1), it satisfies the investors’ first—order condition T4(6, q/) =

rp. Given that ¢ — v)(q) is strictly positive and strictly decreasing over g € [0,1) and T4(¢,q) = 0 for
qg>1,0/0q[¢p(¢, q)] has the same sign as ¢ — ¢;.
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Consider now the case # = h. The argument is the same as for § = ¢ if the equilibrium allocation
is interior. If the equilibrium allocation is at a corner, g, = 1 and rp € (0,T4(h,1)]. But ¢ — T4(h,q)
is strictly positive, strictly decreasing over ¢ € [0,1), and such that T4(h,q) = 0 for ¢ > 1. Direct
verification shows, then, that 9/9q[¢(h, q)] has the same sign as ¢ — 1.

Second, the derivative of fees per unit of asset trade with respect to the trade size is equal to

9 [ (0, 9) } 0/0q[¢(0,9)]  ¢(0,q) }
dq | |ge — g q—qo (¢ — q0)?

= ﬁ@h—nﬂ{

signlg —qp]
(g—qp)? r+k

{_Eq(ev Q) (q - q@) - 5(07 qe) + @(9, Q)} )

where we have used equations (IX.7) and (IX.8) to move from the first line to the second line. To
conclude, we note that, on the second line, the term is curly brackets is always positive since ¢ — (0, q)

is concave.

Proof of point (ii). We proceed as in LR to show that ¢(6,qg), 6 # 6" in {h, £}, is non monotonic
in k for r small enough. Specifically, we denote by ¢¢ ¢(x, ) the equilibrium fee ¢(6, go) as a function

of the parameters x and r, and we show that for any k > 0 there exists 7 such that for all » < 7 and

all @ # 0" in {h, (}:
(a) dgr (k1) > 59/,9(/1) for some strictly positive function ¢(x) > 0;
(b) ¢g g(k',7) — 0 as k' — +o0;
(c) ¢ p(0,7) = 0asr—0.

Clearly (a)-(b)-(c) imply point (i7): by (a) and (b) we have that ¢(k,r) > limx oo ¢or 9(k,7) = 0;
and by (a) and (c), we have that for r small enough, ¢ (0,7) < ¢(k) < (K, 7).

To prove these three points we introduce the notations e(k,r), qo(k,7), p(k,7), and v(0, ¢; K, ),
to stress that all these functions depend on k and r. Note that these functions are all well defined,

continuous when r =0 or k = 0.
Proof of point (ii)—(a). Consider k > 0 and some arbitrary 7. Substituting the first-order

condition rp(k,r) = Uq({, qi(k,7); K, 1), when 6 = £, and rp(k,r) < Ug(h, qn(k,7); K,7), when 6 = h,

into equation (IX.7) we can write

QO('%T)
by olr,r) > ! / (506, s 7, ) — (0, qo (5, 7): 5, 7)]
q

TR (k)
2

([ (6, ,7)] < € s, an )]y 2T 2 T))

(qn(£,0) — qe(x,0))?

>

> —— inf{[044(0, q; k,7)| : ¢ € [qe(K,7); qn(k,7)]} >
k,0) — qe(kK 2
> ?—ZH inf{[Tyq(h, ¢; k,T)| : q € [ge(k,0); qn(k, 0)]}(%( ,0) 2(12( ,0)) — 3(x).
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where vgq(6, ¢) denote the second derivative of (6, ¢) with respect to g. The third line obtains because,
as shown in point (7i) of Proposition 1.1, ¢ (k,7) — q¢(k, ) increases with r 4+ k. The last line obtains
because direct calculations show that 044 (6; k,7)| > |U4q(h; k,T)|, and because we showed in the Proof
of Proposition 1.1 that g (k, ) (g(k,7)) is increasing (decreasing) in r + k.

Note that £(k,0) > 0 and therefore gy(x,0) > 0, implying that

inf{[vgq(h, q; 5, 7)| : q € [qe(~,0); qgn(k,0)]} > 0.

Besides, inspection of the formulas given in Lemma 1.1 show that gp(x,0) — g¢(k,0) > 0. Therefore
(k) > 0.

Proof of point (ii)—(b). Let kK — oco. By inspection of equations (I.1)-(1.2), gxn(k,r), qe(k,T)
and p(k,r) all have finite limits and ¢ — ©(0, ¢; k, ) converges uniformly towards a bounded function.

Therefore the term in brackets in equation (IX.7) goes to a finite limit and ¢g ¢(k,7) goes to 0.

Proof of point (ii)—(c). Consider x > 0. When r goes to 0, (0, r) goes to 1, the equilibrium
indexed by (0,r) is interior by condition (IX.5), g¢(0,7) and ¢;(0,r) are given by equation (I.1) and

they both converge towards s. Furthermore, taking derivatives with respect to r at » = 0 we obtain

G ! 94t s o a5 ]
or oV or o+ e e or 7 ot

And therefore,

qn(0,7) — qe(0,7) = ler + o(r). (IX.9)

Note also that, after plugging v(6,q) —v(60,q") = v4(0, q)(¢—¢') +0(q—¢) into the formulas for (6, q),
it appears that

9(0,¢;0,1) —0(0,4':0,7) = T4(60,¢;0,7)(q — ') + K(r)o(qg — ¢). (IX.10)

where K (r) is a bounded function. Now evaluating the fee when k = 0, we obtain:

do,0(r,0) :Z{U(Q, q9(0,7);0,7) — (0, g (0,7);0,7) — 7p(0,7) [go(0,7) — qgr (0, 7)] }
= [06.00(0,1)50.) = r0(0.1)] [a(0.) = (0.7)] + K (DJolan(0.7) ~ aw(0,1) |
:gK(r)o(r) = o(1),

which goes to zero as r — 0. In the above, we move from the first to the second line by plugging the
Taylor approximation (IX.10). We move from the second to the third line by plugging in the Taylor
approximation (IX.9) into the second “little-o” term, and by noting that the first term is equal to

zero since the equilibrium is interior for r close to zero and therefore 74(6,gy(0,7);0,7) = rp(0,r).
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Therefore, the fee ¢g 4(0,7) converges to zero as r goes to zero.

Proof of point (iii). The expected fee earned by a dealer conditional on meeting an investor is
equal to the probability that the investor has a high type and had a low type the last time he met a
dealer (we computed that probability in the proof of Proposition 1.2) times the fee ¢y (qr), plus the

same thing inverting ‘high’ and ‘low’

Yh Ye Ve Yh
¢ = on(qe) + ®e(qn)-
Yo+ Ye p+ Y+ Ve () Yo+ Ye p+ Y+ Ve (4n)

The proof then follows the same steps as the proof of point (ii).

IX.2 Proof for Section III
I1X.2.1 Proof of Proposition III.1

We verify optimality, market clearing, and then prove some elementary properties of equilibrium

objects.

High—valuation optimality. First, we have that rp}, — p; € (0,1) for all uw € (0,T%), so the
optimality of high—valuation traders holding plan follows from the same proof as in Section A.8.3 in
BHW.

Low—valuation optimality. As in BHW, consider a low—valuation trader who experiences an

information event at time t. The trader’s holding plan is optimal if it maximizes:

* 1-— h 1-— h
E [0(Bu, Gru) |6 = €] — €5t = Gru — 0y, — (1 Sy > Qtu
1 — pne L — pnys

1 1
oo (s )
(1= dan)e L= pihgy 1= e
Khapx — Hht
1 — pipa) (1 — ponpy)

= 5(1 - Nhu)Qt,u(

Clearly, this expression is maximized by g;,, = 0 if £ > ¢y, and by ¢;,, = 1 if t <y,

Market clearing. Consider some time u € (0,7f]. Then all high-valuation traders who had an
information event at ¢ < u hold one unit, while all low—valuation traders who had an information event
at some time ¢ < 1)} hold one unit. Plugging these asset holdings into the market—clearing condition
(8) of BHW, we obtain:

s, “
/ pe P (1 — pupy) dt + / pe P [y — ] dt =0,
0 0

which clearly holds by definition of ;.
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The function ; is hump-shaped. After canceling out pe™”* from both sides of the equation
defining ¢}, we find that ¢} solves:

P u
/ G’Dt (1 - ,U,ht) dt = / ept (S — Mht) dt.
0 0

Note that because u < T}, the right-hand side is strictly positive. Moreover, the left-hand side is
strictly increasing, zero at ¢ = 0, and clearly greater than the right—hand side at ¢y = w. There-
fore, the above equation has a unique solution, ¥ = %, and this solution is strictly less than
u. Since the equation is continuously differentiable with a non-zero derivative at ¢ = ., we
can apply the Implicit Function Theorem and obtain that ¢ is continuously differentiable, with:
Yi'ePVu (1= pipgs) = e (s — pipy). In particular, ¢}’ > 0 if u € [0,7%) and ¢}’ < 0 if u € (T, Ty):
i.e., vy is hump-shaped with a maximum at u = T,. Moreover, by definition of T, we have @b}f =0.

Next, plugging the functional form uy; = 1 — e~ into the equation defining 1, we obtain that

P solves:

L eewn] 2 (g = ez

pP—=7 P
The left-hand size is a strictly decreasing function of 1 — w, but the right-hand side is a strictly
increasing function of u. It follows, then, that d/du [1) — u] = % — 1 < 0.

The price is strictly increasing. The ODE for the price is:

1_lufhu .
f=1—-0— .
rpl s TP

Note that, at v = Ty, rp; = 1 and w}f =0, so ]é*T, = 0(1 = ppu) /(1 = ppyx) > 0. For u < T, we let
f
d; = p;. Differentiating the ODE for p},, and plugging the functional form g, =1 —e~7", we obtain:
rd’ = 0y (1 — q,z};;) e VWl 4 ¥
And so:

Ty . .
dr = 6y / (1) 000 g 4 Al
t

But we showed in the previous paragraph that that w;i < 1, and just established that p*T, = d*T, > 0.
f f
Thus, it follows that dj > 0 for all t € [0,T%).

1X.2.2 Proof of Proposition III.2

First we have the following preliminary result:

RIX.1. For allu >0, [;' e (1— ) TV dt — 0 as o — 0.

78



Indeed, the function e”*(1 — pp;)' /7 is bounded above by e, and it converges pointwise to zero
for t > 0. The result then follows by an application of the dominated convergence Theorem. From the

above result, it follows immediately that:

RIX.2. For allu € (0,T%), Q, — 00, as o — 0, where the function Q,, is defined in equation (A.4),
page 36 in BHW.

Next let us recall two useful notations of Section , page 79 in BHW: ¥(Q) = inf{yp > 0 : (1 —
,uhw)l/"Q < 1} and 9, = ¥(Q.). Note that 1, < u because otherwise (1 — jipy)/?Q, > 1 and the
market clearing condition (17), page 18 in BHW, would be violated. We now show that:

RIX.3. For allu € (0,Tf), ¥y > 0 as long as o is close enough to zero.

Indeed, for o close enough to zero, we have that Q, > 1, which by Lemma A.3, page 36 in BHW,
implies that @, > 1. By definition of ¥(Q), this implies that ¥(Q,) = v, > 0. Note that when
¥y, > 0, then by definition of ¥(Q) we have that (1 — ppy, ) Qu =1 Qu = (1 — ppy,)~/7 and, by
equation (16), page 18 in BHW:

1—p 1/o
Gt = min (“) 1, (IX.11)
1 — phy,

for a low—valuation trader who experienced an information event at time ¢. Next we show that:
RIX.4. For allw € (0,T%), ¥y — 4}, as 0 — 0, where ¢}, is the function defined in Proposition III.1.

To see this, take o small enough so that 1, > 0. Then, note that by definition of 1, the market—
clearing condition (17), page 18 in BHW, can be rewritten:

! —p(u—t) (L= Hht UUd . —plu—t) (1 _ dt = b —plu—t) (o _ d
pe T i t+ ; pe (1 — ppe) dt = ; pe (s — ppt) dt.

(IX.12)

Now for any sequence of ¢ converging to zero, the associated sequence of 1, belongs to the compact
[0, u] so it has at least one converging subsequence. Denote this subsequence by 7!, its limit by ¥g°,
and the associated subsequence of ¢ by ¢”. Looking at the first—integral on the left—hand side of
(IX.12), one sees that the function:

wery (L= NV
Litewpape ™" <1 - MW) (1 = pint)

is bounded above by e (=% and converges to zero everywhere except perhaps at t = . Thus an
application of the dominated convergence Theorem implies that the first term on the left—-hand side

of (IX.12) goes to zero as n — oo. Going to the limit n — oo in the other terms of (IX.12), one finds

79



that ¢ solves:

(o u
/ pe P I(1 — pupy) dt = / pe P70 (s — pupy) dt
0 0

and is thus equal to v;. Thus, all convergent subsequences of 1, the same limit, ¢}, as o — 0. This

implies that ¢, — 1. The next convergence result concerns asset holding plans:

RIX.5. Forallu € (0,Tf) and for allt € (0,u), the holding of a time-t low-valuation trader converges
to Gty = H{tgw;;} as o — 0.

This result follows directly from equation (IX.11) given that 1, — ). Note that the rest of the
holding plans are identical in BW and BHW: the asset holding plan of low-valuation traders at v > T,
the asset holding plan of high-valuation v < T}, and the average asset holding plan of high-valuation
traders at w > Ty. Turning the price path in BHW, we have, when o is small enough and u < T7:

Py — Pu=1—0(1 — pupu)Q7 =1 — 5#
= Hhap,

*

which, since v, converges to ¥,

clearly converges to rp; — p;, as 0 — 0. For u > T, we have that

rp, = rp;, = 1. Integrating up and applying the dominated convergence Theorem leads to:

RIX.6. For all u, p, — p} as o — 0.

1X.2.3 Proof of Proposition 111.4
From equation (A.16) page 41 in BHW it follows that:
RIX.7. Aso — 0, Tj — T,

Let us turn, then to the defining equation of ¢, (A.17) page 41 in BHW. Dividing through by
(1 — pupe) /7 and applying the same reasoning as in the proof of R.IX.4, we obtain that:

RIX.8. Forallt € [0,T;), ¢ — ¢; as o — 0, where ¢} is the function defined in Proposition III.5.
Similarly, for allu € (T, Ty], ¢5* — ¢7" as o — 0.

Consider, then, the limiting holding plan of a low—valuation trader. For ¢ € (0,7s) and u < ¢;:
by R.IX.8 , we have that u < ¢; for ¢ small enough, and hence that ¢;, = (s — pnt)/(1 — pnt). For
t € (0,T;) and u > ¢;: by R.IX.8 we have that u > ¢; > Ty for o small enough. Hence, &, is given by
equation (A.19) page 42 in BHW, and

1/o
1—¢ \Y° 1 — fiy 5~ Fhgy!
G = (1= o) "7 Qu = (1 — pine) S(1 — i) L= iyt L= g

But, since u > ¢; and since ¢} is strictly decreasing, we have that ¢%~! < t. Hence, as o — 0, the

ratio (1 —pne)/(1— py, (b;l) converges to a limit that is strictly less than 1, implying that ¢, converges

80



to zero. Lastly, consider some t € (T,T) and u € (¢,Tf). Then for o small enough, we have that
t € (Ty, ¢o) and so g, is given by the same equation as above, and we also obtain that g;, converges
to zero. Lastly, we note that the rest of the holding plans are identical in BW and BHW: the asset
holding plan of low—valuation traders at u > T, the asset holding plan of high-valuation u < T, and
the average asset holding plan of high-valuation traders at u > T¥.

The last thing to verify is that the price path converges. For ¢t > T, we have that rp; = rpf = 1.
For t € (Ts,Tf), we can go to the limit in equation (A.19), page 42 in BHW, and we find that
rpe — pr — rpf — pi. For t € (0,T5s), note that:

d{<<s_um>U}=uh[—0®_#%901+%1+a><3‘““V

dt [\ (1= ppe) 2o (1 — pe)tte (1= )t
! d 1
iy £l
(U= e~ dt |1 e

as 0 — 0. Going to the limit in equation (A.18), page 42 in BHW, we find that rp; — p; — rp; — pj.

Integrating up and applying the dominated convergence Theorem, we find that p; — p; for all ¢.

IX.3 Proofs and Calculations for Section IV
IX.3.1 Calculations of equation (IV.2) and Proof of Lemma IV.1

Proof of Lemma IV.1. The function W(q) is the continuation value of a trader who holds ¢
units of the asset from the beginning of a liquidity shock until her next information event. Let 7
denote the random time of the next liquidity shock, and 7, the random time of the next information
event. By our maintained distributional assumption, 7, and 7, are independent random exponential
times with respective intensities x and p. As BHW, we calculate values net of the cost of buying and

selling the asset. With this accounting convention in mind, we write:

TpN\Tk
W(g) = —pog + E [ / e "0y, q) du+ Lz < e P prq
0

+ Lrcrye ™ {poq + W(q)} 0o = é] : (IX.13)

The first term, —poq, is the cost purchasing the asset at u = 0.3 The second term is the present value
of utility flows until either the next information event, 7,, or the next liquidity shock, 7,;, which ever
comes first. The third term is the re-selling value of the asset at the next information event, at price
Pr,, if the information event occurs before the next liquidity shock. The fourth terms is the re-selling

value of the asset and the continuation value at the next liquidity shock, if the next liquidity shock

13This term appears because of our accounting convention of calculating values net of holding cost.
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t.14 Next, we observe that:

occurs before the next information even
pT,J/\’r,{eim-p/\ﬂi = H{Tp<Tﬁ}eierpr + H{TN<TP}67TTNPTN- (IX14)
Substituting the resulting expression for I, .. ve "= p._into (IX.13), we find:
{Tp<7} K

Tp/N\Tk
W(g) =E [/ e "0y, q) du — pog + €PN Py nn g + H{W,,}e”"{@o —pr)q+ W<q>}
0

60:4

Tp/N\Tk
=K I:/ eru{v(em Q) — (rpu — pu)‘]} du + ]I{TK<TP}6TTK{(pO — Pr.)q + W(Q)} o = £:|
0

_ /oo e_(r-&-p-i—n)u{E [U(gu’ q) ’ Oy = E] —&uq + RW(Q)} du
0

where the second line follows from noting that —pg + e "ip; = fg e~ (py — rpy) du, and the third
line follows after integrating against the exponential probability densities of the independent arrival
times 7, and 7, and using the definition of §,. Note that the last term can be integrated directly:
JoT e P Rug W (q) du = K/ (r+p+ k)W (g). Moving this term to the left-hand side and rearranging,

we find, after differentiating with respect to g¢:

PEPHE %
Wyla) = “EEEE [T 0t 04.0.) 160 = 1) - 6 f

To obtain the formula of the lemma, note that the first term can be integrated explicitly given that
E[v(ﬁu, qu) | 6o = B] =q— de g% if ¢ <1 and zero otherwise.

Calculation of equation (IV.2). The calculations are similar to the one for W(q). First the

inter-information-event utility writes, net of cost:

T/N\Tp TeN\Tp
E [/ e "0 ( B, qru) — Prars — / Pudqr .y + H{TP<Tﬁ}€_r(Tp_t)pprJt,rp
t t

0t:| )

After substituting in equation (IX.14), the above can be re-written:

+ ]I{TK<T,,}6*T(T”” {pOQt,m + W(Qt,m)}

Tr/\Tp Te/\Tp
E { / e "0y (0u, g ) du — pregrs — / pudgrue ™" e AT
t t

a

14One may wonder why we account for the re-selling-value of the asset at time 7,., pog, even though no asset
is physically sold when the liquidity shock hits. The reason is that we need to cancel out the —pgq term which
is, by our accounting convention, included in the continuation value W(q).

+6_T(Tﬁ_t)]1{r,§<7-p} {W(qt,m) + PoGt,r. — PrQt,m }
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after integrating by part the second integral on the first line, we obtain:

T/\Tp
E [ / et {v(@“ Qtu) — (TPu — Pu)qt,u} du+e "0 {W(qm) + P0Gt — Pre Qt,m}
t

a

Formula (IV.2) follows after integrating against the exponential densities of the independent random

times 7, and 7.

IX.3.2 Calculation of @),

Solving for (), ,. First we note that, if Qp, > a;}u then both Qp, > 1 and o, Qp, > 1, and
so equation (IV.6) cannot hold. Therefore, @}, ,, € [0, a;b]. But, over this interval, the left-hand side
of (IV.6) is strictly increasing, negative for @, = 0, and strictly positive for Q, = oz;}u. We conclude
that equation (IV.6) has a unique solution. Keeping in mind that from Lemma IV.2, equilibrium asset

holdings lie in [0, 1], we we can solve for @)y, ,, in three steps.
Step 1: suppose g, < 1. Then, since oz, < 1, qo < 1 as well. Hence, the market—clearing

condition (IV.6) implies:

) IS pe Pt g dt
Jo pe= P pne + (1 — pne) o} dt

Qhu (IX.15)

Conversely, if the above @)y, ,, is less than 1, we have found the equilibrium @}, ,,. Otherwise, we move

to the next step.

Step 2: suppose g, = 1 and ¢, < 1. Then, given that o, < ag,, we have gz, < 1 for all

t. Hence, the market—clearing condition (IV.6) implies:

O = f: pe_p(“_t)(s — pt) dit
P pe P (1 — pupg) g i

Conversely, if the above @)y, ,, is less than 1, we have found the equilibrium @}, ,,. Otherwise, we move

to the last step.

Step 3. Having excluded the configuration of Step 1 and Step 2, we know that, in equilibrium,
qhu = 1 and qpo, = 1 . Note that gs,, < 1 otherwise the market would not clear. Thus, there is
some 1, < u such that q;, = 1 for all ¢ > 1, and g4, = 1 for all ¢ < 1p,,. For t = 1, oy, wQnu = 1.

The market—clearing condition delivers Qj,, and vy:

Q _ a,1 _ fo’u pefp(’uft)(s _ ,uht) dt — f() u pefp(uft)(l o ,uht) dt
ha = 0y, Sy, pe7PUTO (L — pipg) g dt '
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IX.3.3 Proof of Lemma IV .4

We start by calculating C. 'We multiply both sides of equation (IV.7) by e~ (rtPtR)u and integrate
from 0 to co. Using the definition of the constant C', in Lemma IV.1, this leads to:

r+p o 1 R(r+p+ k) )/Ooe_(Her”)“Qzudu— K
0 b

rdptr r4p (FHp)r+ptra+y r+pte

Solving for C' leads to:

R
r+p  (r+p)r+ptr+) o ’

Plugging this back into equation (IV.7), we obtain:

d(r+p+k)
(r+p)(r+p+r+vy

fu=1- ] [Qi,u - /0 re”THEREQF dz|

Now integrating the ODE (r + k)p, = &, + kpo + Pu, we obtain:

K
r+ K

Po = / e~ e, du + Do
0

S rpg = / 6_(T+”)“(T + k)& du
0

Ok(r + p+ k)

& rpg=1—
PO o) (r+ptrtq

) / [(T + /i)ef(w”)“ — e~ (rtptR)u Qau du
0

where, in the first equality, limy_, 4o e~ "T¥%p, = 0 follows from the no-bubble assumption, and the
last equality follows from plugging in the above expression for £,. The Lemma follows after plugging
both the expression for &, and pg into (IV.7).

IX.3.4 Approximation of @), for large u

In this section we compute a first-order approximation for u > Tjax. Using equation (IX.15), is
straightforward to verify that @, <1 for u > Tr. We then consider Ti,ax > Ty so that @y, is given
by equation (IX.15) and for now consider p > 7. The denominator of (IX.15) is, using the formula

(IV.5) for oy y:
u -1/
/ pefp(uft) r+p+71_ﬂhu> dt

0 K L — fine

u —1/o
- / pert [1 _owt) 4 grut) <1 N ”Pﬂewt) ] it
0 K

u -1/
=1—e - ew/ pe Plelt [1 — <1 + We“) ] dt =1—ke ™ +o(e™ ")
0

pnt + (1 — pine) <1 +

K
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where the first equality comes from the change of variable ¢ — u —¢t. When u goes to infinity the
integral in the third line is convergent since the term in brackets is equivalent to (r + p+7v)/(ok)e "
when ¢ — 4o00. The last equality follows after letting k£ be the limit of the integral when u goes to
infinity, and noting that, since p > 7, e™?" = o(e~ ") Next, we note that is s(1 —e ") = s+ o(e™ ).

Taken together, these two approximations allow us to write:
Qhu=s(1+ke ™) +o(e™ ™).
We then make the approximations:

Qh,u ~ S + e_'Y(U_Tmax) (Qh,Tmax - 8)

O e e (V)
for u > Tiax. Therefore we can approximate the integral in the ODE by
Tmax
/ (ef(rJrn)z . 67(r+p+fﬁ)z) Qz,z dz
0

e—(’r—i—n)Tmax e—(r—i—p—&—n)Tmax e—(T+H)Tmax e—(T+P+H)Tmax

o o—1

+S - + as (Qh7Tmax - S) - N
r+ kK r+p+K r+K+y r+p+K+y

It remains to compute pr, . . We rewrite the ODE as

Ok(r+ p+ K)
(r+p)r+p+r+7)

(r + K)py — Py = constant —

QFu

where the constant can be computed using the approximation of the integral shown above. Then,

after integrating and plugging in the approximation for Q)7 ,, we obtain:

+o0 J
P = [ et (constant - UL gp Y gy
i (r+p)r+p+r+y) "
__ constant 0k(r +p + K) ( s7 n 057 (Qn,Tonax — 3)>
T or+4s (r+p)r+p+r+vy) \r+x r+r+7y '
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I1X.4 Proof for Section VI

In all what follows 0 = 79 < 71 < 79 < ... denotes the sequence of information events.

IX.4.1 Proof of Lemma VI1.2

We proceed in three steps. We start with a preliminary calculation, then we show the two points of

the lemma in turn.

A preliminary calculation. We start with a preliminary result:

R IX.9. Consider a change of the asset holding plan from q to ¢ such that, for oll w € Q and all
information event times Tn: Gr,z — Grnz > 0, @ryz — Grpe = 0 for z & [t,u], and ¢, » — 47,2 1S
increasing in z € [t,u]. Suppose that, the change in holding plan involves a limit order to buy the
quantity qr, w — Gr,u > 0 with limit price p,+ +n. Then, the change in holding plan induces a change

in expected utility E [AV] > E [X], where

o0
X = Z Lr, <up (@rnu = Gru) K, (IX.16)

n=1
where K is the constant of equation (VI.2), page 31.

To prove this result we first note that, for any realization of w € €0, the change of asset holding

plan first induces a change in the investor’s utility flow for assets

Tn+1

Z/ e "* [U(ern,z) - U(qfn,z)] dz < 0,
n=1"YTn

where we omit the dependence of v(-) on 6 to simplify notations. The gains come up because the
investor sells high during (¢,u] and buys low at ut. We add together the trading gains from every
time interval [7,,, T,,+1], with our usual accounting convention that the trader buys her initial holding
at time 7,, and re-sell her final holding at time 7,,4+1. We use the integration by part argument of
Section A.1, page 35 in BHW, accounting for the fact that both A, . and p, have a discontinuity at

time u. We find that the trading gains can be written:

e}

Tn+1
S| [ e ) e~ )
Tn

n=1

<t >y (@rnu = Grou) (Pu = Put — 1) |- (IX.17)

The first term is our usual expression for inter-temporal holding costs. The second term, on the

other hand, accounts for the fact that the last purchase of ¢, + — ¢r, . does not occur at price p,, as
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implicit assumed in the first integral, but at price p,+ + 1. Note that many terms are equal to zero as
Grn,> = Gr,.» whenever z ¢ [t,u]. The details are in Section IX.4.2, page 91.
Taken together, we find that the change in utility can be written:

Tn+1
AV = |:/ e "% [U(qATn,Z) - ’U(QTn,z) + (an,Z - dTn,z)(sz —pz)] dz

+ H{TnSU}]I{Tn+1>u}€_m(an,u = Grpu) (Pu = Pu+ — M) |-

By our maintained assumption, ¢, > —dr, . > 0. Moreover, by Lemma VI.1, we have that rp, —p, > 0.

Lastly, marginal utility is bounded above by one. This allows us to bound AV below by:

Tn+1
o A
/ € (an,Z - QTn,z) dz
-

+ H{Tnﬁu}H{Tnﬂ >u}e_m<an,u - dTn,u) (Pu = Pur — 1) |-

Now, if 2 > u, then ¢, . — G, . = 0, while if z < u, ¢, . — ¢r, - is increasing and is thus less than

Grpu — Grou- Therefore:

AV > Z ]I{Tngu} (an,u - an,u) |:_ / eirz]I{TnJrlZZ} dz + H{Tn+1>u}ei7«u (pu = Dyt — 77) :

n=0 nVt

Next apply the law of iterated expecations: for each term n in the above expression, take expectations
conditional on F,, , and then unconditional expectations. This implies that E[AV] > E[Y], where
Y = Zflo:l Y,, and Y, is the expectation of term n conditional on F;, . Note that ¢, and §,, are
both F, measurable and that, conditional on F,, , Th4+1 — 7, is an exponential random variable with

parameter p, so E [H{Tn+122}j| = ¢ P==™) for z > 7,,. We thus obtain:

Y = Z H{Tn<u} (an,u - qATn,U)ean |:_ / 6—(r+p)z dz + e—(r—i—p)u (pu — Dut — 77):|
-] TVt
> Z ]I{Tn<u} (an,u - qATn,u) |:_ / ei(Ter)z dz + ei(Ter)u (pu — Pyt — 77):| =X
n=1 t

where the last inequality follows from integrating over the larger interval [t, u|, using equation (VI.2),
and noting that e’™ > 1

Proof of point 1 in Lemma VI.2. There are three cases to consider.

When the price is strictly decreasing over [t,u]. Consider, for k > 1:

Cy = {w €Q: 1 e t,u] and gr o > O} (IX.18)
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the set of events such that the information process jumps for the k-th time during [¢, u] and the investor
holds a strictly positive amount of asset at time u. Consider the following deviation: whenever there
is an information event at some 7, € [t,u], sell all your holdings, keep all the limit orders executed
after time u, and submit a limit order to buy back whatever you were planning to hold after u. By
construction, this deviation keeps asset holdings the same for all z ¢ [t,u]. Moreover, because the
price is strictly decreasing, the only limit orders that can be executed over [t,u] are limit buy orders,
implying that for all 7, € [t,u], ¢r,» — Gr.. = ¢r,,» has to be increasing in z € [r,,u]. Therefore,
Result RIX.9 applies and the expected change in utility is greater than E [X], for X of (IX.16). By
construction, we have X > 0 so E[X] > 0. Now if the original asset holding plan is optimal, then
0 > E[AV] > E[X]. Thus E[X] = 0. Consequently, since X > 0, X = 0 almost surely. But, by
definition of Cf, X > 0 for all w € Cf: it thus follows that P(Cy) = 0. To conclude, note that if
Ty > t, then there is some n > 1 such that 7, € [t,u]. Therefore, the event C' = {1, >t and ¢, , > 0}
is included in the union of the sets Cj, and P(C) = 0 as well.

When the price is strictly increasing over [t,u]. Consider the same set C), as in (IX.18) and the
following deviation: whenever there is an information event at some 7, € [¢,u], submit a limit order
to sell all your holdings with a limit price just below p,, and simultaneously a limit order to buy these
holdings back at price p,+ +n. For all 7, € [t,u], ¢+, > — 4r,,» equal to zero until v and positive at u,

therefore Result RIX.9 applies, and the result follows from the same argument as before.

When the price is flat over [t,u]. We have several case to consider.

1. Suppose the information process jumps for k-th time during [¢, u], and that g, , > 0, i.e., under
the original holding plan asset holdings are strictly positive at time u. Suppose also that when
the information process jump there is a positive measure of limit sell orders in the book at price

py. Formally, consider the set of events, for k > 1:
Cap = {w €Q: 7€ lt,ul, and ¢r, ,, > 0, and at 75, 3 limit sell order at pu},

Because of volume maximization, all limit buy orders at p, are executed immediately. So the
investor’s original asset holding plan ¢, ., does not involve any asset purchase during (73, u, i.e.,

qr,.,» is decreasing during 7y, u]. Consider, then, the following deviation:

(a) If a limit order to sell at price p, is executed at some Z4 < u. Then, by time priority,
all limit sell orders at price p, submitted under the original holding plan must have been
executed by time Z4. Recall that the original holding plan does not involve any purchase
during (75, u]. So, ¢, . is decreasing for z € 13, Z4], and constant for z € (Z4, u]. Consider
then, the following deviation: keep all orders and submit an additional limit order to sell
all holdings at time Z4, and a limit order to buy back ¢, ., at time w. If the information
process jumps again before Z4, cancel this order, and by doing so revert to g, .. If the

information process jumps again after Z4, then buy back the assets sold at time Z 4, and
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submit the same orders as under the original plan to revert to the original holding plan
Gry,.1,2- Taken together, this ensures that ¢, . — Gr, . is positive and increasing for n = k
and zero for n # k. Therefore Result RIX.9 applies.

(b) If a limit order to sell at price p, is executed after u, then keep all orders but immediately
sell ¢r, ., and place a limit order to buy ¢, , back at time u. If the information process
jumps again before u, buy ¢, ,, back and cancel the limit buy order, and by doing so revert
t0 ¢r, ., .- This deviation leads to g, . — ¢r, . which is constant and strictly positive for
n = k, and zero for n # k. Again, Result RIX.9 applies.

In both cases, Result 1X.9 implies that X > 0 and X > 0 for all w € C'4;. The same reasoning
as before then implies that P(Cyy) = 0 for all k.

. Suppose the information process jumps for k-th time during [t,u], that ¢, > 0, and that at
time 7 there is a positive measure of limit buy orders in the book at price p,,. Formally, consider
the set of events, for £ > 1:

Cpr = {w €Q: 7€ lt,ul, and ¢, > 0, and at 7, 3 limit buy order at pu}

Because of volume maximization, all limit sell orders at p, are executed immediately. So the
investor’s original asset holding plan ¢, . does not involve any asset sale during (7, u], i.e., ¢r, »
is increasing. Consider, then, the following deviation: sell everything immediately and cancel all
limit buy orders that would have been executed during [t,u]. At the same time, submit a limit
buy order to buy everything back at time u. Continue to hold zero as long as the information
process jumps at times when there are limit buy orders outstanding in the book. The first time
the information process jumps and there are not limit buy orders left in the book, then all the
limit buy orders the investor may have had under the original plan are executed. This allows
to revert to the original plan. Note that, as long as the information process jumps at times
Tn € [Tk, u] such that there are limit buy orders in the book, then the original plan only has
limit buy order, and ¢, » — Gr,.> = ¢r, . is positive and increasing for z € [r,, u|, and zero for
z > u. After the first information event 7,, € [7x,u] such that there are no limit buy orders left
in the book, then ¢, . — G-, . = 0. In all cases, Result RIX.9 applies and the same reasoning as
before implies that P(Cp) = 0.

. Suppose the information process jumps for k-th time, that ¢, , > 0, and that at time 7, there

are no limit order outstanding at p,. Formally, consider the set of events, for £ > 1:

Cor = {w €Q : 7 €[t,ul, and g, , > 0, and at 74 # limit order at pu},

Note that, in this case, all limit orders submitted at time 75 are executed immediately, and

so the original plan g, . is constant. Consider, then, the following deviation: sell everything
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immediately at 75, and revert to the original plan if the information process jumps again before
time u. Reverting to the original plan is feasible because, under both the deviation and the
original plan, the investor has no limit order outstanding to buy or sell at any time in (7%, u].
Note that the deviation leads to ¢, . —Gr,,» = ¢r,,-, Which is constant and positive for n = k£ and

zero for n # k. Result RIX.9 applies and the same argument as before implies that P(Cp) = 0.

This implies point 1. of Lemma VI.2 because, clearly, any w such that 7, >t and ¢, ., > 0 belongs
to either Cyy, Cpyi, or Cyy for some k.

Proof of Point 2 of Lemma VI.2. We first show:

RIX.10. All the limit orders submitted during (0,t) to be executed during [t,u| are of the same kind,

i.e., either all are limit buy orders, or all are limit sell orders.

The result is obvious if the price is strictly decreasing or increasing during [¢, u], as only one kind
of order can be executed during [¢,u]. Now if the price is flat during [¢, u], suppose there are two times
2z < 2/ < t such that, at time z investors submit a limit order to buy at price p,, executed during
[t,u] and at time 2’ they submit a limit order to sell at price p,, executed during [¢,u]. Since there
cannot be orders of two kinds in the book at the same price, at time 2’ all limit buy orders at price
p,, must have been executed. But this contradicts the fact that a limit buy order submitted at time z
is executed during [t, u].

In light of the Result just above, there are only two cases to consider:

If, during (0,t), investors submit limit sell orders to be executed during [t,u]. Then the result follows
immediately because the asset holdings of investors whose information process last jumped during

[0,t) must decrease during [¢, u].

If, during (0,t), investors submit limit buy orders to be executed during [t,u]. Then the asset holdings
of investors whose information process last jumped during (0, ¢) must increase during [t, u]. Consider
then, the set, for k > 1:

Cp = {w €Q: 7 e(0,t) and g¢r . > C]‘rk,t}7

and the following deviation. Whenever, under the original plan, you submit a limit order to buy
executed at some time z € [t,u), submit instead a limit order to buy the same quantity at price
Pu+ + 1, which is executed at time u™. Note that this is feasible, since p,+ < p,. Whenever, under the
original holding plan, you cancel a limit order to buy executed at time z € [, u) then, in the deviation,
you cancel the same quantity of the corresponding order executed at time u. This deviation leads to
Grn,z = Grn,z = Qrn,z — Q7 t, Which is positive and increasing because, as noted at the beginning, ¢, -
is increasing during [t,u]. So Result RIX.9 applies, and the usual argument implies that P(C}) = 0.
But the event C' = {w €Q: 7 € (0,t] and ¢r, 4 > un’t} belongs to the union of the C}’s, implying
that P(C) =0 as well.
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1X.4.2 Calculations of trading gains

We use our usual accounting convention: we assume that a trader purchases her initial asset holding
Grn,m, at time 7,, and sells her final asset holding ¢, -,,, at time 7,41. Also, we let ¢, . = 0 for
z < Tp: as will become clear shortly, this simplifies a bit the calculations, as the initial purchase of
Gr,.m, is accounted for by the initial jump from 4, 7 = 010 Gr, 7,

To calculate the trading gains, all we need to do is subtract the intertemporal payments associated
with ¢, . from the intertemporal payment associated with g, .. Clearly this is equivalent to calcu-
lating the payments associated with the “net” holding A;, . = ¢r,,. — Gr,,.. We have, then, several

cases to consider.

If 7, > u, or if 7,41 < t. Then the gains are zero, which is consistent with equation (IX.17) given

that, in these cases, A;, . = 0 over [7,, Tp41].

If 7, <w and 7,41 > u. Then the gains can be written:
% ) eirzpszTn,z dz + eirupu (ATn,u - Arn,u*) - (pu+ + 77) ATn,u‘
T VE,u

The first integral account for the trading gains over the interval [7, A t,u). The second term account
for the trading gains at time u. The last term accounts for the last purchase at time u™, with a limit

order to buy at price p,+ + 1. Note that we do not need to account for the re-sale of A at

Tn,Tn+1
time 7,41, because when 7,41 > u we have A, . ., = 0. Next, using the integration by part formula
for Lebesgue-Stieltjes integral (see, for instance, Theorem 6.2.2 in Carter and Van Brunt, 2000) and
keeping in mind that p, is continuous over [tV 7,,, u) and that p, = p,—, the above expressions simplifies

to:

u
/ e " (rp, — p2) Ar, .dz+ (Pu — Pur — 1) AV
TVt

Tn+1
:/ e " (rp. — p-) Ar, - dz + (Pu = Put — M) Az, us
Tn

where the equality follows because A, . = 0 for z ¢ [t,u]. This is also consistent with (IX.17) given

that 7, <w and 7,11 > u.

If 7,11 = u. Then, the trading gains are:
/ e_rzpszTn,z dz + e_rupu (ATn,u - ATn,u*) - puATn,u'
[TnVtu)

where the last term arises because of our accounting convention that assets are sold at time 7,41 = u.

Proceeding as before we also arrive to equation (IX.17).
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If 7, <w and 7,41 < u. Then, the trading gains are given by:
/ e_rzpszTn,Z dz — an+1ATn,Tn+1’
[TnVt,Tn41]

and the same calculations lead to (IX.17).
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IX.5 Proof for Section VII
IX.5.1 Proof of Lemma VII.1

If there is some time ¢ in a spot such that p; < 0 and 1 — rp; + p; < 0. Then, by our maintained
assumptions on the price path there is some interval [u, ug] around ¢ such that these inequalities hold

for all z in the interval. Now pick some uy € (ug,us). We show:
RIX.11. For almost all w € §2:

1. If Tuy € [u1,us], then qr,, up, = 0.

2. If Tuy € (0,u1), then qry, uy = Qroy s = Qryyus -

The first point means that, if a trader has an information event after u;, then he holds zero at wus.
Otherwise, by the second point, the trader has the same holding at u; and uo. Taken together, these

two properties contradict market clearing at time ws.

A preliminary calculation before proving Result IX.11. Consider a deviation ¢ such that,
for all w and all information times 7, ¢, » = ¢r, > for all z ¢ [ui,u3), and ¢, . is constant and less

than g, , for z in [ui,u3). The realized utility of the deviation is:

e Tn+1
AV = Z/ e [U(qATn,z) - U(QTTL,Z) — (rpz — p2) (QTn,z - QTn,z)] dz
n=1"T

o0

Tn+1
>3 [ = ) s ]

n=17Tn

oo us

= Z Lr<un)l{rnsr >us) / e =1+ rp. — po]lr, 2 — G 2] dz
n=1 U2
00 us

2 z H{Tnﬁuz}]l{TnHZw} / e "” [_1 +7rp, — pz] dz x [QTn,ug - (jfm(ulvm)] (IX.19)
n=1 U2

where, as usual, we omit the dependence of v(-) on 6 to simplify notations. The second line follows
because of our maintained assumption that ¢, . > ¢, . and by noting that marginal utility is bounded
above by 1. The third line follows by noting that the integrand in the second line is positive since
Grnz — Gr,» > 0 for z € [ug,ug), and equal to zero for all z ¢ [u1,uz). Therefore, we obtain a
lower bound after multiplying term n by Iy <17, . >u;), and integrating over the smaller interval
[ug, us] C [T, Tnt1]. The fourth line follows by noting that, since the price is decreasing over [ui,us),
only limit buy orders can be executed: ¢, . is increasing and so for z € [ug, ug| it is greater than ¢, 4, .
On the other hand, ¢, . is constant for z € [u1,u3) by construction. Now apply the law of iterated
expectations: take first expectations of each term on the right—hand side of (IX.19) conditional on
Fr., and then take unconditional expectations. We find that E [AV] > E [X], where X =) | X,

n

and X, is the expectation of term n in (IX.19) conditional on F,, . To calculate X, note that, because
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the information process has independent increments and is independent from the type process, the

indicator function I, >y} >uz—7,} 18 independent from F7 . Also, by definition of a

= H{Tn+1—Tn
holding plan, both gr, v, and ¢, (4,vr,) are measurable with respect to F7,. Therefore:

u3

o0
X = Z H{Tnéuz}e_p(U3_Tn) / e’ [_1 TPy — pz] dz x [qmﬂﬂ - (an»(WVTn)]

n=1 w2

Proof of point 1 of Result IX.11. Consider, then, the set, for £ > 1:
Cr = {w €07 € ur,uz] and gr uy > 0}

and the following deviation. Whenever the information process jumps at 7, € [u1,us), hold zero
asset until ug, and revert the your original plan at time ws. This can be achieved by placing a limit
order to buy ¢, u; at time us3, and keeping all the limit orders to be executed after us the same. By
construction, the deviation coincides with the original holding plan for z ¢ [u1,u3), and is equal to
zero for z € [ug,u3). Thus the preliminary calculation applies. Note also that, in the random variable
X of the preliminary calculation, if 7, < w1, then ¢, v, = ¢r,u, and term n is zero. On the other

hand, if 7, € [uy, u2], then §r, u, = 0 and term n is positive . Therefore,

[os] us
X =) Lnefu )y X € 7™ /u e [=14rps = pa] d2 X grua.

n=1 2

One sees that X is positive and strictly positive for w € Cy. But if the original plan is optimal we must
have that 0 > E [AV] > E [X]. Thus E [X] = 0. Consequently, since X > 0, X = 0 almost surely. But
X > 0 for w € Cy. It thus follows that P(Cy) = 0. Now C' = {w €Q : Ty, € [ur,uz] and U7y iz > O}
belongs to the union of the C}’s, and so P(C) = 0 as well.

Proof of point 2 of Result IX.11. Consider then, the set, for & > 1:

Ci = {w €1 e (0,u1) A gryuy > qu’ul}

and the following deviation, ¢:

e Whenever under the original plan, ¢, you submit a limit order to buy at price p,, to be executed
at some time z € [ug, u3), replace it by a limit buy order with limit price p,,, executed at time
ug. This is feasible because the price is strictly decreasing at us, and is strictly below the price
at any z € [ug,us). Therefore, if it possible to submit a limit order to buy at p,, to be executed
at z € [u1,ug), then by the price priority rule a limit order to buy at price p,, is to be executed

at time us.

e Whenever under the original plan, ¢, you cancel some previously submitted limit order to buy at
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price p,, executed at z € [u1,us) then, under the deviation, cancel the corresponding quantity
of limit buy orders at price p,,. To see why this is feasible, note the following. If under the
original plan, ¢, you can cancel an outstanding order to buy at price p, executed at time z, then
by the time priority rule it must be the case that, under the deviation, ¢, the corresponding
“replacement” order at price p,,,, executed at time ug, is still outstanding. So you can cancel it

as well.

By construction, ¢, . coincides with g, . for z ¢ [u1,u3). For z € [u1,u3), Gr, . remains constant,
equal to gr, , if 7, < w1, and to ¢, 5, otherwise. Therefore, the preliminary calculation applies.

Multiplying each term in X by I¢; -}, which is less than one, we find that:

00 us
X = Z H{Tn<ul}eip(u377—”) / e "”* [_1 + TPy — pz] dz X [an,uz - qATnvul]
n=1 v2

Clearly this lower bound of X is positive and strictly positive for w € C, and the usual argument
implies that P(Cy) = 0 Next, note that C = {w € Q : 7, € (0,u1) and Uty s > Qr,y .1} belongs to
the unions of the Cy’s, and therefore P(C) = 0.

IX.5.2 Proof of Lemma VII.2

Before proving Lemma VII.2 we need to establish two preliminary results.

A first preliminary result. The first preliminary result is:

RIX.12. Assume that p, > 1/r for all z >t > 0, and that there is a flat spot (ui,us) with u; > t.
Then, for all ug € (u1,u3), if Tuy € (0,u1) then Gr,, uy = Gryyus-

This shows that the investor wants to keep his holding constant over (ui,usz). The intuition is
clear: it is always better to sell just before u; because the asset is “over-priced” relative to its utility
flow, and there is no capital gain to make during the flat spot.

To prove Result IX.12 we exhibit a profitable deviation when 7,, <1 and ¢r,, uy 7 Gry,us-

Utility of a deviation. Consider a change in asset holding from ¢, . to ¢, . such that:
Grn.z = Grpozs Qrooz = Gry 2 for all z & [ug, us), and ¢, . — Gr, - is decreasing in z € [u1,u3]. Keeping in

mind that p, = py, for z € [uy, us], the realized change in utility is greater than:

0 Tnt1
Z/ e " (G2 = roy2) (=1 +1ps — P2) dz
n=1"YTn
00 u3

- (Tpul - 1) Z H{Tnﬁu:s} €_TZH{7n+12z} (QTn,z - qm,z) dz.
n=1 u1VTn
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Under our assumption that ¢, . — ¢r, . > 0 and is decreasing in z, this is greater than:

u2

(Tpm - 1) Z H{Tn<u1}(QTn,uz - (jfrn,ug) / H{Tn+1 2z}€7m dz.

n=1 u1

Taking expectations conditional on F,, in each term we find that the net utility of the deviation

is greater than E [X], where:

u2

o0
X = Z ]I{Tn<u1}(q7'n,u2 - qA'rn’uQ)ean / e‘(’”‘f‘ﬂ)z dZ

n=1 u1
The deviation. Note first that since u; is the start of a flat spot and p,, > 1/r, then the price
is strictly increasing just before ui. Therefore, if 7, < uy, then the asset holding plan ¢, . cannot

contain limit buy orders executed during [u,us], and is thus decreasing. Consider, then, for n > 1:

Cr = {w €Q: 1 e (0,u1) and grp uy > qu,W},

and the following deviation.

e Whenever you have an information event 7, € (0,u;) and submit a limit sell order executed
during [u, us], cancel that limit sell order and replace it by a limit sell order for the same quantity
executed just before uy. Subsequently, if under the original plan you cancel a limit sell order
executed during [u1,us] then, under the deviation, cancel the same quantity of corresponding
limit sell orders executed at time w;. By construction ¢, . = ¢r,us for 7, € (0,u;) and
z € [ug,us]. Moreover, since prior to u; it is only possible to submit limit sell orders executed
during [u1,us], then it must be that, for 7,, < u1, gr, » is decreasing in z € [uy, u3], and therefore

Grp,2 = Qrz = Q1,2 — Qruz MUst be decreasing as well.

e Whenever you have an information event at some time 7,, € [u1, u3] when limit sell orders are
executed, then under the original plan the asset holding must be decreasing over [7,,us]. In
that you keep all your limit orders executed after ug the same and chooses ¢r, . = ¢r, u, for

z € [Ty, us]. As before, ¢r, » — Gr,.» = Grn,2 — Grous 1S decreasing.

e Lastly, the first time you an information during [uj,us] and limit buy orders at price p,, are
executed, then under both the original plan and under the deviation, all the previously submitted
limit sell orders at price p,, must have been executed. You can then revert to the original plan.

Clearly, in that case, ¢r, > — ¢r,,» = 0 and is thus decreasing.

Note that by construction, asset holdings before and after us are the same in the deviation as in the
original plan. This deviation allows to apply the preliminary calculation. Note that X > 0 and X > 0
for all w € Ci. The usual argument then implies that P(Cy) = 0. Then let C' = {w €N 7y, €
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(0,u1) and gr,, u, > qTMQ’u?)}, and note that C' belongs to the union of the C}’s, and thus P(C) =0

as well.

A second preliminary result. To state the second preliminary result, we define, for any ¢ < u:

u
flt,u) = / e (rtp)z (1 —7rp, +p,) dz
t

= / e (o) (1= (r+p)p: + ) dz + ,0/ ei(Ter)sz dz
t t

1 1 u
= — —(r+p)t _ _ —(r+p)u —(r+p)z d
<T+p pt)e <T+p pu>e +p/t ‘ Pt

Clearly, the function f(t, ) is continuous and, as u — oo, it converges to

1
r+p

f(t,00) = < - pt> e~ et 4 p/ e~y de. (IX.20)
¢

RIX.13. Assume that py — poo > 1/7. Then, for all T > 0, there exists t > T such that f(t,u) < 0
for all u > t.

Consider that p; — pe > 1/r. We first note that f(t,00) < 0 as long as ¢ is large enough. This

follows because, as t — oo,

1- 00
000l 5 (o =) L = LT

r+p r+p T T+

since poo > 1/7.

Now, by the above remark, for any 7' > 0, we can pick some ¢ > T such that f(t,o0) < 0. If
f(t,u) < 0 for all u > t, we are done. Otherwise, let ¢’ be the last time greater than ¢ such that
f(t,t') > 0. By continuity f(¢,t') =0 and f(t,u) < 0 for all u > t’. Then, by equation (IX.20),

f(t/au) = f(tau) - f(tat/) = f(tau) <0
for all uw > ', and we are done.

Concluding the proof of Lemma VII.2. Suppose that the price eventually becomes greater
than 1/r.

There are two cases to consider. The first case is when the price is constant and greater than 1/r
at all times. Then, clearly, no investor want to hold the asset at any time, and the result follows. In
the other case, if the price is not constant at all time, then there there must be an increasing spot

where p, > 1/r.'5 Then, by Corollary VIIL.1, p, > 0 for all z following this increasing spot. and thus

5Indeed, either pg > 1/r and the result follows, or py < 1/r and then the price has to increase above 1/7.

97



P2 — Poo > 1/r. This allows to apply Result RIX.13: we can find some time ¢ after the increasing
spot such that p, > 1/r, f(t,00) < 0 and f(t,u) < 0 for all w > ¢. If the time ¢ delivered by Result
RIX.13 lies in the interior of some flat spot replace it by the lower bound of the flat spot. Clearly,
since 1 — rp, < 0 over the flat spot, the lower bound of the flat spot also also satisfies f(¢,u) < 0 for
all u > ¢. Note that, by construction, the price is strictly increasing in a left neighborhood of ¢.

Let T' < t be the lower bound of the increasing spot to the left of £. By construction, to the left
of T', the price is either flat or strictly decreasing. To the right of T', the price is strictly increasing,
and increasing forever after. This implies that no limit buy order submitted before T can be executed
after T'. Therefore, for all 7, < T, ¢, . has to be decreasing in z > T.

Now consider information events occurring at 7, € [T,t]. Because the price is strictly increasing
just before ¢ and increasing after, it follows that the asset holding plan ¢, . can only contain limit
sell orders for z > ¢, and is thus decreasing in z. Moreover, by Result RIX.12, the holding plan ¢, .
remains constant during all flat spots after ¢: this implies in particular that all the limit sell orders
contained in g, . are executed during increasing spots. Now we claim that, almost surely, ¢, . = 0

for all z > t. Indeed, consider:
C, :{w €eQ: 7, e[l,t] and ¢, . > 0 for some z > t},

and the following deviation. If the n-th information event occurs during [T, ¢], place a limit sell order
to sell all the assets just before ¢, and revert to the original plan at the next information event — such
a one-stage deviation is feasible because, by Corollary VII.1, all limit sell orders after ¢ are executed
during increasing spots. As usual, we apply the law of iterated expectations and calculate the expected
net utility of the deviation by first conditioning with respect to F,,. We find that the expected net
utility of the deviation is greater than E [X], where:

X = — H{TnG[T,t]}ean / ef(Ter)u(l — TPy + pU)QTn,u du:|
LJt
L[ eor
=~ erye’ ¥ %(t,u)qmu du]

= — H{TnE[T,t]}ean / f(t; U) dQTn,’lL + f(t7 Oo)q7n700:| ’
LJt

where the last line follows by integration by part after noting that f(¢,t) = 0.6

Now, X is always positive given that f(t,u) < 0, f(¢,00) < 0 and ¢, ,, is decreasing. It is strictly
positive for w € C. Indeed, there is two cases to consider. Either ¢,, .o > 0 and the result follows.
Or ¢r, 0 = 0 and the result follows because f(t,u) is negative everywhere and, for all w € Cy, ¢r, u
must be strictly decreasing somewhere in [t,00). But the expected utility of the deviation has to be
negative, implying that E [X] = 0 and thus that X = 0 almost everywhere. Thus, P(C),) = 0, which

6Note also that the last integral is well defined: indeed, f(t,u) is bounded, and because Gr,,.u is bounded and
decreasing over [t,00), u +— —¢r, ., is a finite measure over [t, 00).
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establishes the claim.
The above shows that traders whose last information event occurred during (0,7") hold less asset at
time t than at time 7T, while traders whose last information event occurred during [T, ¢] hold nothing

at time ¢t. Our usual argument then implies that the market cannot clear at time ¢.

1X.5.3 Proof of Corollary VII.3

There are two cases to consider, depending on whether, at 7,,, the investor can submit limit buy or
limit sell orders executed during [7,,, u2)

Suppose first that the price is strictly decreasing over [uj,us], or that it is flat. Suppose that
T € [u1,u2) and that, at time 73, there are limit buy orders at price p,, in the book. In that case, at
time 7, the trader can only submit limit buy orders executed during (7x,uz|. Formally, we consider

the set of events, for £ > 1:
CpBy :{w €Q 1 €fur,u2) and 0, =h and ¢ 4, <1
and, at time 7, you can only submit limit buy orders executed during (7%, ug]}

and the deviation consisting in buying one unit of asset at 73, and holding it forever, i.e. ¢, . =1 for
all z > 7. Note that, since the investor can only submit buy orders at 7, his asset holding must be
weakly increasing during (73, u2], 80 ¢r, > < Grus < 1 for z € [, u2). The net utility of the deviation

writes:

Tn+1

AV = ]I{Tke[m,uz)} Z/
n=k"’ ™

o7 {(1 — min{qy, -, 1}) (1 — rp. + p-)

+ (QTk,z - min{qu,Z7 1}) (sz - pz) dz

u2
> H{Tke[u1,u2)}]1{rk+1>u2} / e—rz(l - min{q.rk’w, 1}) (1 —rps; + pz) dz
Tk

where the inequality holds because all integrands in the initial expression for AV are positive: so
we obtain a lower bound by ignoring terms n # k, and then multiplying by the indicator function
{7, ,,>u}- Taking expectations conditional on J7,, we find that E[AV] > E [X], where

u2

X = ]I{TkE[u1,u2)}e_p(U2_Tk) / e_rz(l - min{‘]m,uza 1}) (1 Az +pz) dz.

k

Clearly, X > 0 and X > 0 for w € Cpy, implying as usual that P(Cp) = 0.
Now consider the second case: the price is strictly increasing over [uj,us], or it is flat and the
information process jumps for the k-th time at time 73, € [u1,u2) when there are limit sell orders at

price py,. In that case, at time 7, the investor can only submit limit sell orders executed during
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(7%, uz]. Consider then, for k > 1:

Cak :{w €Q: 1 €lu,ug) and 6, =h and ¢ 4, <1

and, at time 75, you can only submit limit sell orders executed during (7%, uz]}

and the deviation consisting in buying one unit of asset at 73, and holding it forever, i.e. ¢, ., =1 for
all z > 7. Note that, since the investors can only submit sell orders at 7, his asset holding must be
weakly decreasing during [ug, u3], S0 ¢r, » < ¢r, u, < 1 for z € [ug,uz]. As in the first case, the utility

of the deviation is:

Tn+1

AV =T, clur o)) Z/
n=k "’

e {(1 — min{gn, ., 1)) (1 — rps +p2)

+ (ar.z — min{gr, 2, 1}) (rpz — p2) | dz
u3
= ]I{Tke[u1,u2)}]1{7k+1>u3} / e—rz(l - min{Q’rk,uzv 1}) (1 —Trpz + pz) dz.
u2

Taking expectations conditional on F,, we obtain that E[AV] > E [X], where
u3

X = H{TkE[Ul,uz)}eip(u?ﬁTk) / e’ (1 - min{‘]m,uzv 1}) (1 — TP+ pz) dz.

2

As usual X is positive and strictly positive for w € Cyy, implying that P(C ) = 0.

Lastly, in the case the order book is empty at time 75, we consider:

Cok :{w €Q: 7 €fu,ug) and 6, =h and ¢ 4, <1

and, at time 7, you cannot submit limit orders executed during (7%, uz]}

and we can apply either one of the argument above to argue that P(Cpx) = 0.
To conclude, we note that C' = {w € Q : 7y, € [u1,uz) and 0r,, = h and gr,, u, < 1} is
included in the union of the Cpgy, Cax, and Cyg, and therefore that P(C) = 0.

IX.5.4 Proof of Lemma VII.3

To complete the proof in case 1, it remains to show two points: (¢) high-valuation investors who have
an information event during [u, u2] hold more than one unit at ug; (i¢) market clearing at time ug is
not satisfied.

To complete the proof in case 2, it remains to show Lemma VII.4.
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Proof of point (i). As usual, we consider:
Ci = {w €Q: 7€ lu,ug), and 0, =h, and ¢ 4y < 1},

and the deviation consisting in submitting a limit buy order just before time uo in order to hold one

unit forever from then on. The utility of the deviation is:

o0

AV =T, clur )} Z/

n=k Tn VU2

Tn+1Vu2

T2 [(1 — min{qr, -, 1}) (1 —Tp, +;bz)

+ (¢ry,» — min{gr, -, 1}) (rp. — p2) | d=

Tk+1
Z ]I{TkG[U1,u2)}]I{Tk+12’IL4} / 677‘2(1 - min{qu,Za 1}) (1 — TPz +pz) dZ,
u2

where the inequality is obtained as before, after noting that all the intregrands in AV are positive, and
so we obtain a lower bound by ignoring terms and multiplying everything by the indicator function
]I{Tk+1 >uq}

Now if the price is strictly increasing over [ug,u4], we continue the lower-bound calculation as

follows:
AV > ]I{Tke[ulvu2)}]1{7’k+1>u4} / 1 - mln{q‘rk u3» 1}) (1 — TPz +pz) dz,

where the inequality follows by integrating over the smaller interval [ug, u4] and by noting that since
the price is strictly increasing over [us,u4], z +— gr, . is decreasing over [u3, us]. We then follow the

usual reasoning: we take expectations conditional on F,, and obtain that E[AV] > E [X] where:

ug
X = ]I{Tke[ul,uz)}e_p(U4_Tk) / e_rz(l - Hlin{qu’uS, 1}) (1 — TPz +pz) dZ,
u3
which is positive and strictly positive for w € Cf. As usual, this implies that P(Cy) = 0, and that
P(C) =0 where C = {w € Q : 7y, € [u1,uz], and Or,, = h, and gr,, u; < 1}.
Lastly, suppose that the price is flat over [ug,us]. Keeping in mind that the price is strictly
decreasing over [u1,us3], we note that any limit order to sell at the flat-spot price, p,,, submitted at

T € [u1,ug] is executed before uy. Therefore, qr,,,» IS increasing over [ug,uz]. This allows to write:

AV = Ly efurun) Y mp 1 >ua) / 1 — min{gr, us, 1}) (1 — TPyt pz) dz.

and the same reasoning as above leads to P(Cy) = 0 and P(C) = 0, where C = {w € Q : 7, €

[ui, us], and 0., =h, and gr, ., <1}
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Proof of point (ii). The market clearing condition at time ug is:

u3
0= / Eo [z — 8] e "3 7) dz
0
Uy u3
- / EO [q,z,ug - S] e—p(ug—z) dz + / IEO [QZ,Ug - 8] e—p(u;g—z) dz
0 u

uy u3
> / EO [qz,ul - 3] eip(u372) dz +/ EO [qz,u3 — 3] e*p(u;;fz) dz
0 Uy
=0

us
> / (. — s) e P72 dz > 0,

1

which is a contradiction. In the above manipulations, we used three facts. First, ¢, u; > ¢.,, for all
z < 1; second, the market clears at time w;; and third, g, ,, > 1 for all z € [u1, ug] such that 6, = 1.

Proof of Lemma VII.4. Suppose the price is continuously differentiable in a neighborhood of
t > T,, with py <0 and 1 —rp; + pr # 0. Because 1 — rp; + p; > 0 by Corollary VII.2, it must be
that 1 — rp; + pr > 0. Moreover, because the price is continuously differentiable in a neighborhood of
t, and since t > T, these strict inequalites hold in an interval [ui,us] around ¢, with u; > T,. Now,
by Corollary VIL.3, for all us € (u1,us), all high-valuation traders whose information process jumps
during [u1,ug2) almost surely hold more than one unit at time us. Then, the market clearing condition

at time ug writes as:
u2
0= / Eo [qzus — 9] e Pu2=2) g,
0

Ul us
- / Bo (20 — ] €777 dz + / Eo (@20 — 8] 77" dz
0 u

1
u2

t
> ¢pluamu) / E lg.; — s]e "7 dz + / lnz — ] e 279 dz > 0,
O u

1

=0 >0

which is a contradiction. When moving from the second to the third line, we used three facts. First,
since the price is strictly decreasing over [u1, us], asset holding plan are strictly increasing during this
interval, and hence ¢, y, > ¢.., for all z < u;. Second, the market clears at time w;, implying that
the first term on the right-hand side of the third line is zero. And third, ¢, 4, > 0 and, from Corollary
VIL3, g2y > 1if 0, = h.

IX.5.5 Proof of Lemma VIIL.5

Consider some time us € (Ts,Tr) and let [u1,u3] be the maximal spot [T, 00) where uy belongs.
Suppose ug is not a boundary point of the spot, i.e., us € (uy,us).

Keep in mind that, by Lemma VIL.3, p; > 0 during [u1, ug] and, by Lemma VII.2 and by definition
of T¢, py < 1/r during [u1,u3]. Therefore 1—7p;+p; > 0 and Corollary VII.3 applies: all high-valuation
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traders with an information event during [u, uz] hold more than one unit at time wus.

If uy = T, we are done with the lemma. If uy < T, consider traders with an information event
during (Ts,u1). We start by noting that these traders’ asset holding are decreasing over [u, us]: this is
obvious if [u1,us] is an increasing spot. If [ug,ug] is a flat spot, then there is an increasing spot to the
left of u;. Together with the fact that p; > 0, this implies that p; < py, for all t € (Ts,u1). Therefore,
any limit order to buy at price p,, submitted at 7, € (Ts,u1) is executed immediately, implying in

turns that, for any 7, € (T, u1), ¢r,,» is decreasing over [uj, u3]. Now, as usual, consider:
Ci = {w eQ:me(Ts,uq) and 6, =h and ¢ 4, <1},

and consider the deviation consisting in buying one unit at any 7, € (Ts,u1) and holding it forever
after. Then, proceeding as in the proof of Corollary VII.3, the expected net utility of the deviation
satisfies E [AV] > E [X], where

u3

X =i, (e ™) / e (1 — min{gry uy, 1}) (1 = rps + . ) dz.

2

Clearly, X > 0 and X > 0 for w € C. Our usual argument then implies that P(Cy) = 0 and
P(C) =0, where C = {weQ : 7, € (Ts,u1) and 6, =h and qr,, u, <1}

IX.5.6 Proof of Lemma VII.6

Assume that Ty = oo and pick some t > T. Lemma VIIL.5 shows that, at almost all times u € (¢, 00),
for all z € (t,u), high—valuation trader who experience an information event at time z hold more
than one unit at time u, implying that E[g,, |0, = h] > 1. Plugging this into the market clearing

condition, we obtain:

u
0= / p€_p(u_z){(1 - Mhz)EO [QZ,u | 0, = E] + ;uthO [q,z,u | 0, = h] - S} dz
0
t u
> —5/0 pe P=2) 4z +/ pe P2 (. — ) dz
¢
> —se P (eP — 1) + (e — 8) s (1 - e_p(“_t)) .
But the right-hand side converges to pns —s > 0 as u — oo which is a contradiction of market clearing.

IX.5.7 Proof of Lemma VII.7

Towards a contradiction assume that rp; — p; < 1 — 6. Because the price is continuously differentiable
in a neighborhood of ¢ there is some neighborhood [u;,us] around ¢ such that rp, —p, < 1 —§ and
p. > 0 for all z € [ug, us]. We show that:

RIX.14. Consider some time ug € (u1,us). Then, for almost all w € Q:
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1. If Ty, € [ur, uzl, then gr,, u, > 1.
2. If Tu, € (0,u1), then qry, uy = Qry, us -

Clearly, this result contradicts market clearing at time us.

Proof of point 1 in Result IX.14. Consider:
Ci = {w € Q7€ fur,u] and gryu, < 1}

and the following deviation. Whenever your information process jumps during [u1, ug] you choose to
hold less than one unit of asset, choose instead to hold one unit until time us, and reverts to your
original holding plan afterwards. That is, if 7, € [u1,u2) and ¢, -, < 1, switch to ¢, . = 1 for all
z € [Tp,us3), and place an order to sell 1 — g, 4, at time us. If the information process jumps again
after ug, just revert to the previous holding. This is feasible given that the price is strictly increasing
over [u1,us]: you can always re-submits the orders that were supposed to be executed during [ug, us).

If 7, € [u1,ug], your new holding plan is equal to ¢, . + max{l — ¢, »,0} for z € [1,,u3), and
otherwise the holding plan is the same as before. Keeping in mind that the marginal utility of holding

q < 1 asset is bounded below by 1 — 4, we find that the net utility of this deviation is greater than
00 us
AV > T cfur )y / e lip 32 (1 =6 —rp. + p.) max{l — qr, .,0} dz
n=1 Tn
0o us
> Z ]I{Tne[’M1,UQ]} / ]I{ng_'_l}efrz (1 —0—1ps + pz) maX{l —Arpuzs O} dz,
n=1 u2

where the second line follows because asset holding are decreasing over [uj, ug]. After taking expecta-
tions conditional on F, , one finds that E [AV] > E [X], where

o0 us
X = Z H{Tné[m,uﬂ} / e remptE) (1 =6 —rps +p.) max{l — g, uy, 0} dz.
n=1 U2

Given the maintained assumption that rp; — p; < 1 — 6, the right-hand side is always positive, and
strictly positive for all w € C. As usual this implies that P(Cy) = 0 and P(C) = 0, where C = {w €
Q ¢ Ty, € [ur,ug] and gr,uy < 1}.

Proof of point 2 in Result 1X.14. Consider:
Cy = {w €eQ:me(0,u1) and ¢r 4y < qfk,ul}

and the following deviation. Whenever you have an information event at time 7, € (0,u1), and a

plan such that ¢, v, < ¢r,u,, cancel all limit sell orders executed during [u;, u3), and replace them
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by limit sell orders executed at time wuz. At your first information event in [uj,ug), if any, revert to
your original holding plan. This is feasible because the price is strictly decreasing, implying that you
can always re-submits the limit sell orders that were supposed to be executed during [uq,u3). This
deviation results in the holding plan G, » = ¢, 4, for z € [ui,u3), if 7, € (0,u1) and ¢, uy < Grpus-

Otherwise, 7, . = ¢r,,.. Thus, the utility of the deviation is bounded below by:
00 us
AV Z Z H{Tne(o’ul) and qrn ug <‘ITn,u1} / e_TZ]I{T"JrlZZ} (1 —0— Pz + pz) (anzul - Q‘rn,z) dz
n=1 U1
0o us
> Z H{TnG(O,ul) and QTn,u2<QTn,u1}/ eirz]I{Tn+1zz} (1 —0—rp,+ pz) dz x (an,ul - QTn,uz)
n=1 u2

where the second line follows because the price is strictly increasing and thus asset holdings must be

decreasing over [u1,us]. The same reasoning as before implies that P(Cy) = 0.

IX.5.8 Proof of Lemma VII.8 and Lemma VII.9

Preliminary results Suppose that the price is continuously differentiable and strictly decreasing
in some left neighborhood of some u;, then is flat until some us > wuy, and then is continuously

differentiable and strictly increasing in some right neighborhood of ug. Let

1 —rpy +pu] e
= [ IX.21
v A ) (IX.21)
G = min{(l — ), 1}. (IX.22)
If p, has a kink at u; and wug, let ¢} =1/2 (qz+ + qz,). We then show that:
RIX.15 (Ideal Holding). Consider somet < u such that p, exists. Then q;, mazimizes
B¢ [v(0u, q) [0 = £] = (rpu — P)g- (IX.23)
Indeed, this objective is concave and equal to:
. 1- Hhu q1+g .
fg<l:q—90 — — IX.24
fg<log—d7— " (rPu — Pu)q ( )
. 1—ppy 1 .
fg>1:1-9 — — . IX.25
1rq 1 lto (Tpu pu)q ( )

and the result follows by taking first-order conditions.
RIX.16. There is vy < ui and uly > ug such that
o qi < qy, forallu € [uf,ur);

o g5 > qy, for allu € (uy,ub);
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® DPuj = Dujy-

Let us start with u in the first bullet point. There are two cases to consider. First, if the price
has a kink at u;, then the result is obvious because ¢ jumps up at u; and is continuous in a left-
neighborhood of u;. If the price is differentiable at u;, then since w; is a local minimum we have

Py, = 0. Thus, for u in a left neighborhood of u;, we have:
1 _rpu +pu < 1 _rpul +0 - 1 _Tpul +pu17

and, at the same time 1 — pp,, > 1 — pipe, . Taken together, these two inequalities imply the result.
Now turn to uf. If the price has a kink at uj, then the result is obvious because p,, jumps up at
uy and 1/(1 — ppy) is strictly increasing. If the price has a flat spot, u; < ug, then the result follows

because, for u € (u1,uz),

1 —7rpy + Pu _ 1 —7py
1_Nhu 1_Mhu

is strictly increasing, so qz, > qy, - Then, continuing after uz, g;; either jumps up at uz, or is continuous.
2
In either case, one can find a right neighborhood of us where ¢ > ¢, . Lastly, if the price has no flat

spot and no kink at ui, then, for u in a right neighborhood of u;, because p, > 0:

1 —7rpy + Pu > 1—rp,
1_Mhu _1_Mhu

with an equality for v = u;. After taking derivative of the right-hand side at v = w;, using p,, = 0
and fip,,, > 0, one finds that the right-hand side is strictly increasing at « = w1, and the result follows.
Since py is strictly increasing in [uf,u1) and (ug, u)] we can without loss of generality pick v} and

us such that p,; = pyy.
Holdings before u;. We start by establishing an upper bound on low-valuation investor holdings
at uq:

RIX.17 (A bound on low-valuation holdings at u1). Suppose Ty, € [u},u1), 0, = L. Then, for all

u € [uf,uy), Qruyu < q;'iulm, almost surely.
To see this, fix some € > 0 and consider the event such that the property of the Result is violated
for u € [u},u; —¢):

Cep = {w €N : 7 €uf,w), and 0, =¢, and Ju € [uf,u1 —¢€) s.t. gr 0 > qik’m},

and the following deviation. Whenever the information process jumps at some time 7, € [u},u; — )
when the investor has a low valuation, we let ¢,, be the earliest time in [7,, u; — ¢) such that g, , >

with ¢, = u; — € if no such time exists. Then, stop buying for all u € [¢,,u; — €), hold the

*
an,U17
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quantity ¢;, ,,, and revert to your original holding plan at u; — e: this is achieved by canceling part
of the limit buy orders that you had planed to execute at ¢,,, canceling all the limit buy orders that
would have been executed during (¢, u1 — €), and placing a limit order to buy so as to hold quantity
Grpu—e at time u; — €. Note that this is feasible because any limit buy order you cancel during the
decreasing spot [u,u1) can be re-submitted at the next information event time.

The change in utility is:

AV = Z ]I{Tne[ull,ul —¢) and 0, =(}

n=1

Ul —e
X / e_TZ]I{Tn+12z} |:1)(9z, q:n,u1> - U(em an,z) - (sz - pz) (q;k-mul - an,Z):| dZ

Taking the expectation of term n conditional on F;,, we find that Eg [AV] > Eq [X], where

00
X = Z ]I{Tne[ug,ul —e) and 0, =(}

n=1

ul—¢€
X / e e Pl |:E7_n [U(ezv Qin,ul)] —Er, [v(0:, QTn,Z)] — (rp: — p2) (q:mul - C_ITn,z):| dz.

Now by Result IX.16 ¢7 ., < g7, ,,, by construction ¢; ,, < ¢, . and because asset holding plan

are increasing ¢r, . < ¢r, «,- Laken these inequalities together gives:

Tz < Grpun < Grnz < s (IX.26)

Now keep in mind that, given 0, = ¢, E. [v(0;,q)] = E[v(0.,q)|0-, = ¥¢], the function (IX.23) we
studied earlier. Because this function is concave and, by Result IX.15, maximized at g7, , it follows
that the integrand in each terms of X is positive. Clearly, X is strictly positive for all w € C since,
in that case g, ,, < Gr,,> for z € (¢n,u1 —¢). As usual, this implies that P(C. ;) = 0 and P(C¢) = 0,
where C; = {w € Q : 7, € [uf,u1), and 0, =¢, and Ju € [u},u1 —¢) s.t. gr, W > qiulm}. The

final result then follows by letting € go to zero.

Holding after u;. Next, we show:

RIX.18 (Holdings of low-valuation after u; with no flat spot). Consider the case without flat spot,

i.e., up = ug. Suppose T, € [u},u1), 05, ={, and Gry oy < 1o Then gry > @7, o, almost surely.

Tuq

Consider the event such that the property of the Result is violated for u € [uq,u}):
Cy = {w €Q: 7€ uy,ur), and 0, =¢, and ¢, ,, <1, and g < q:kyul},

and the following deviation. Whenever the investor has an information event at some 7, € [u},u1)

with a low valuation, if ¢r, 4, < g7, ,,, then he increases his asset holding by some small y, during
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[u1,uh). The deviation is implemented by submitting a limit buy order at price just above p,, for
yn > 0 unit of the asset and a limit order to sell back these y,, unit of the asset at time uf. The first
part of the deviation is feasible since the price is strictly decreasing over [7,, u1]; the second part of the
deviation is also feasible since u} is the first time after 7,, such that the price crosses py;, from below.
If the information process jumps again before u}, then the investor reverts to the original holding plan
by canceling the limit order to buy y, executed at time wu; (if the information event is before uq), or
selling y,, (if the information event is after u;), and canceling the limit buy order executed at u}. The

change in utility is:

00
AV = Z ]I{Tne[u’l,ul] and 6, =¢ and qr,, u, Sqinml}
n=1
!

Ug
X / e_TZ]I{TnJrlZZ}{,U(eZ? qr,,» + yn) - U(GZa Q‘rn,z) - (sz - pz)y} dz.

1

Taking expectation of term n in the sum conditional on 7, we obtain that Eq [AV] = Eq [X], where

o0

X = Lrcug anAry =tAgry s a5, 0, )
n=1
!/

Ug
X / E_Tze_p(z_m){ETn [/U(027q7n,2 + yn) - U(ez’ qT’“Z)] N (sz N pZ)yn} dz’

1

where used the independence of the information event time 7,11 and the preference type 6, processes.

Using that for z € [uy, ub), ¢z < Grou < < 1 and that v(q) is concave for ¢ < 1, we obtain

*
an Ul

that for y, small enough each integral is greater than

/

s
Yn X / e_rze_p(z_Tn){ETn [Uq(027 q;k'n7u1 + yn)} B (rpz - pZ)} *

1

When y,, goes to zero, each integral converges to:

uj
/ 6_(T+p)z [ETH [UQ(927 q;k'n,ul ):| - (rpz B pZ):| dz

1

When the indicator function of term n in X is not zero, we have g7, < 1 and, by Result IX.16, ¢ . >
47, u, - Because (IX.23) is concave and uniquely maximized at ¢, ., and because it has a continuous and
strictly decreasing derivative for ¢ < 1, it follows that, for z € (u1, u}), E-, [vg(6:, q;fmm)] —(rpz—p.) >
0. Thus, when the indicator function of term n in X is not zero, then at time 7, it is possible to pick
yYn small enough so that term n is strictly positive. It then follows that X is positive, and strictly

positive for w € C, implying in turns that P(C) = 0.

R IX.19 (Holdings of low-valuation after u; with flat spot). Consider the case with flat spot, i.e.,
uy < ug, and assume that investors find it optimal to follow Markovian holding plans. Then the result
of Result IX.18 continues to hold.
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The proof is almost identical to that of Result IX.18, except that the deviation is slightly different.
Suppose the investor has an information event at some 7,, € [u},u;) with a low valuation, and plans
to hold ¢, u;, <

The first case is when the original holding plan does not have any limit buy order executed during

a7, u; < 1. There are cases to consider.

the flat spot, (u1, us]. Then, as before, the investor increases the asset holding by some small y,, during
[u1, u) by submitting a limit buy order at price just above p,, for y, > 0 unit of the asset and a limit
order to sell back these y unit of the asset at time uj. If the information process jumps again before
uly, then the investor reverts to the original holding plan.

The second case is when the original holding plan has some limit buy order executed during the
flat spot. Let ¢y, € (u1,us] be earliest execution time of the collection of limit buy orders executed
during (u1,u2). Then the investor increases the asset holding by some small y, during [u1, ¢,) by
submitting a limit buy order at price just above p,, for y, > 0 unit of the asset and reducing the size
of the limit order to buy at time ¢,, by the same amount. If there is an information event before u,
then the investor reverts to the original holding plan. A potential difficulty in doing so is that, in this
deviation, the investor cancels some limit orders that were supposed to be executed at time ¢,,, and
it may not be possible to re-submit these orders because of the time priority rule. This is where we
use the assumption that the holding plan is Markovian: when the investor has an information event,
the original continuation holding plan only depends on the type at the information event, so it is the
same as if the investor had an information event for the first time. Thus it is always possible to revert
to the original holding plan: it suffices to cancel all previously submitted limit order and behave “as

if” it was the first jump of the information process. The rest of the proof is identical after replacing
uy by dn.

RIX.20 (High-valuation holdings after u1). Suppose Ty, > uj, 0, = h. Then, for all u € (u,uz),

Iry, u = 1, almost surely.

To see this, consider, for any u € (u1,ub),
Cp = {w €Q: 1 €luf,w), and 0, =h, and ¢, < 1}.

Note that since holdings are increasing over [uj,u)), we also have that ¢, ,, < 1. Now make the
following deviation. Whenever the investor has an information event at time 7,, € [u},u;) and plans
on ¢r, 4, < 1, he switches to a holding plan that holds one units forever after time u;. This is made
feasible by submitting a limit order to buy (1 — ¢, 4, ) units at time u;, and keep that unit position

forever after. After switching to this new plan, the change in utility flow at time z > w1 can be written:

max{l — 47,2, 0} (1 — TPz +pz) + maX{QTZ -1, 0} (rpz _pz) )

which is always positive given that p, > 0 and p, < 1/r during (u,u)). Clearly, this utility flow is

always positive, and it is strictly positive if w € Cj and if there are no information event during [u, u].
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Thus,

u

AV 2 ey and riga>up (1= dricu) / (1 —rp. +p.) e " dz.

u1

Taking expectations conditional on F, , we obtain that the expected change in utility is greater than
E [X], where

u
X = e_p(u_Tk)H{wECk} (]. — qT’“‘l’“) / (1 — TPz + pZ) G_TZ dZ,
ul
Clearly this is positive and strictly positive whenever w € Cj, which as usual implies that P(Cj) =0
and P(C) =0, where C = {w e Q : 7, € [uf,u1), and 0., =h, and g, . <1}.

Concluding the proof when ¢q; , < 1. Ifg; ,, <1, then we can choose u} close enough to
< 1 and Results IX.17, IX.18 and

= {, then ¢r, u < q:ul auy for u < wuyp and gr, uy > qﬁulm almost

up so that qz,l w, < 1. Therefore for all 7,, > u) we have ra—

IX.19 apply: if 7, > ) and 6

surely. Otherwise, qr, u;, > ¢r,, .- Now consider the market clearing condition (8), page 15 in BHW,

Tuq

at u; (re-scaled by ef"!/p), and subtract the corresponding market clearing condition at u € [u}, u1]

(re-scaled by e”"/p). One obtains:

/

uq u ul
0= / " 'E (gt — gt dt + / "' (gt — gt dt + / ”'E (g1, — 5] dt
0 u u

/
1

ul

02 [ B [(gton — ) o] e+ [ Bl — o]
u1 u
ul

0 2/ e”E [(qt,u1 - qi‘k,ul) H{(%ZE}] dt — / eptSdt>

4 u

where, in the second line, we used the fact that asset holding have to be increasing over [u}, u1], and so
Qtur = Qi for all t < wu. In the third line, we used Result IX.17. Now the right-hand side of the third
line is made up of two terms. Because, by Results IX.18 and IX.19, g4, — ¢f,, > 0, the first term
is strictly positive and increasing. The second term, on the other hand, goes to zero as u goes to uj.

Therefore, for u close enough to ui, the right-hand side is strictly positive, which is a contradiction.

Concluding the proof when ¢, , =1 Now suppose that g, ,,, = 1. Because g/, is bounded
above by 1 and weakly decreasing in ¢, it follows that q:ulm = 1 for all 7,, > u}. It is then
straightforward to adapt the proof of Results IX.18 and IX.19 to show that, if 7,,, > u}, then Gryyun =1
almost surely. Otherwise increasing the asset holding by a small amount between u; and u), (or ¢p)
is a strictly profitable deviation.

Together with Result IX.20 this implies that the asset demand originating from investors whose
information process jumps during [u},u] is greater than 1 times the measure of investors whose

information process jumps during that time period: fuu,ll pe—P(1=2) 4z But the supply of asset is s
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times this measure of investor and s < 1, and no limit sell orders can be executed during (uf,u1)
since the price is strictly decreasing. Clearly, this means that demand exceed supply, and contradicts

market clearing.

IX.5.9 Proof of Lemma VII.11

Consider first the set:

Ch :{(u,w) €[0,Tf) xQ : 7, € (0,u] and 0, = h and gr, ., # 1}

and the deviation consisting in holding one unit whenever the investor has an information event before

Ty with a high valuation. The change in flow utility at time u is:

(1 — TPy +pu) max{l — 47p,,u 0} + (Tpu - pu) maX{QTk,u -1, 0}

Note that, because the price is weakly increasing and strictly less than 1/r for u € [0,7Ty), it follows
that 1—rp,+p, > 0. Also, by Lemma VIL.7, rp, —p,, > 0. Taken together, these imply that the change
in utility flow is positive, and strictly positive for all (u,w) € Ck. As usual, this implies that the set Cy,

is of measure zero, as well as the set C ={(u,w) € [0,T) xQ : 7, € (0,u] and 6,, = h and ¢, ., # 1}

Next consider the set:
Ck z{(u,w) € [Tf,00) xQ : 7, € (0,u] and 0, =h and ¢, > 1}
and proceeding exactly as before shows that this set is of measure zero.

IX.5.10 Proof of Lemma VII.12

Consider the set

Cr = {(u,w) € [Tf,00) xQ : 7, € (0,u], and 6 =¢, and g¢r, ., > O}

and the deviation consisting in holding zero from ¢ V T, and continuing to hold zero as long as the
investor keep having jumps of his information process with a low-valuation. If he has an information
event with a high valuation, he switches to the optimal strategy of buying one unit if the information
event time is less than T';. This deviation is feasible. Suppose indeed that the information event time
is before Ty. Then since Ty is by construction the first time that the price reaches 1/r, the price must
be strictly increasing in a left-neighborhood of T, implying that the low-valuation investor can always

submit a limit order executed just before T';. If, on the other hand, the information event time is after
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T the deviation is implemented by selling all the holding. The net utility of the deviation is:

> Tn+1
AV =3 T, ) / Tsrpye ™ (=vg(02: 4, ,2) + 1) Gr,y 2 d2.

n=1

For each term in the sum, we take expectations conditional on F,, and obtain that Eg [AV] = E [X]

where

X =3 Ly, - / TIisrye e P ™) (<Ey, [04(02, r, 2)] + 1) Gr, 2 d2.

n=1

The integrand is positive, and strictly positive for all (w,u) € C, implying that C}, is of measure zero,
as is the set C' = {(u,w) € [Tf,00) x X : 7, € (0,u], and 6, =¢, and g, > 0}.

IX.5.11 Proof of Lemma VII.13

First note that any flat spot before T has to be followed by an increasing spot since the price has to
increase up to 1/r by time Ty. Consider, then, a flat spot [T1,T3), and let S C [T, T5) denote the set
of times where the holding plan of low—valuation trader solves the maximization problem of Lemma
VII.10. We know from the lemma that this set of time has full measure. We first show:

RIX.21. Suppose that for some t € S, a limit buy order at price py is executed at some u € (t,T5).
Then, in a Markov equilibrium, for a low-valuation trader the information event at time t, q;; < 1

implies that q; . > g1+ > 0. Moreover, g satisfies:

/u e~ (rtp)z [1 — i_ Hh 6q7y — (rp. —p2)| dz2=0 (IX.27)
t — Hht

Note first that, by definition of a Markov equilibrium, a trader who has an information event at
time ¢ with 6; = £ behaves as if she has an information event for the first time, i.e. as if he had no limit
order outstanding in the book. Since a limit sell order at price p; is executed immediately at time ¢,
the only way she can change her asset holding during [t, T5) is by submitting a limit buy order at price
pt, which ends up executed at time w. In other words, the trader’s holding plan is either constant
over [t,T3), or constant over [¢t,u) and [u,t2), with ¢;; < ¢¢,. Next, note that since v,(0) =1 > rp,,
the trader finds it optimal to hold ¢;; > 0. Second, the trader finds it optimal to submit a limit buy
order executed at time w, i.e. gty > g1t Otherwise, suppose holdings were constant in [t,T%), and
consider the deviation consisting in reducing holding by a marginal unit at ¢ and submitting a limit
buy order for that marginal unit unit at w. The utility of the deviation must be negative, which by
Lemma VII.10 leads to:

v
1_
F(u) >0, where F(v)= / e ()2 [1—1 B2 547, — (rps — ) | dz.
t — Hht ’
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Note that, because p, = 0 in [t,u], e P)F(v) is a strictly increasing function of v. Moreover,
F(t) = 0. So if e™tPF!(t) > 0, we have that e"tP)VF’(v) > 0 and thus F’(v) > 0 for all v > t. Or
ertPE'(t) < 0 and F(u) > 0 requires that F’(u) > 0 — otherwise e"+)? F’(v) < 0 and thus F'(v) <0
for all v € [t,u] with a strict inequality close to v = ¢, which would imply that F(u) < 0. In both
cases F'(v) > 0 for all v € [u, Ty], which implies that

T 1
F(Ty) — F(u) = / e~ (rtp)z [1 — 1= ':Z 0q7y — (rp2 — p2)| dz > 0.

meaning that the trader can improve her utility by submitting a limit buy order for a marginal unit
executed at v and a limit order to sell this marginal unit at time 75.

The equality (IX.27) follows from considering two deviations: i) reducing holdings by a marginal
unit at ¢, and submitting a limit buy order for that marginal unit at u, and #4) increasing holdings by
a marginal unit at ¢, and reducing the limit buy order ¢;, — ¢;+ > 0 by a marginal unit executed at
time wu.

Next, we show that:

RIX.22. Suppose that, at some time t1 € [T1,Ts) a limit order to buy at the flat-spot price is executed
at time uy > t1. Then, there is a positive measure set of times T C (t,u) such that, for a low—valuation

trader with information event during T, qit < 1.

Otherwise, since the equilibrium is Markov, low-valuation traders with an information event at
almost all € (t1,u;) choose ¢;+ > 1. Besides, at all times ¢ € (t1,u1) there is a limit buy order
outstanding in the book — otherwise, by time priority, a limit order submitted at time #; would be
executed strictly before u;. Thus no limit sell order are executed because otherwise this would violate
volume maximization, and asset holdings cannot be decreasing. Therefore, for all ¢t < t < u < uy
and all low-valuation tradersm ¢;, = 1, and for all t <t < u < w1, gt > Gt;,u- Moreover, for all

high-valuation traders we know from Lemma VII.11 that ¢;, = 1. Taken together, this contradicts

market clearing.

R IX.23. Suppose that at some time t1 € S, a low-valuation trader submits a limit order to buy
executed at time uy > t1. Then, for all times ty € (t1,u1), limit orders at price p, are executed at

times us > uj.

First, by time priority, given that p:, = p¢,, we must have that the execution time wugy is greater
than u; and is increasing the submission time to. To show that the inequality is strict, suppose that,
for some t9 € (t1,u1), the execution time of a limit buy order at price py, = py, is ug = u;. Then by
time priority this is also the case of all ¢}, € (t1,t2). Now consider the positive set of times T C (t1, t2),
given by Result IX.22, such that, for a low—valuation trader, ¢;; < 1. It then follows from Result IX.21
that all low-valuation traders with an information event at time t € 7 NS find it optimal to increase
their holdings by a strictly positive amount at the common execution time wu of their limit-buy orders,

i.e., there is an atom of limit buy orders executed at time uq. For other traders, asset holding plan
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have to be increasing since there is a limit buy order in the book and, therefore, limit sell orders
are executed immediately. Using the same argument as in Section IX.5.8 leads to a contradiction of
market clearing. Namely, if we consider the market clearing condition at time wu; (rescaled by e“1/p),

and subtract the market clearing condition at time u € (t2,u1) (rescaled by e“/p), we obtain:

u u1
0= / "' (gt — e dt + / ¢”'E [g1,u, — 5] dt
0 u

ul

u
0> / PR |:Qt,u1 —q, UI} dt —/ els dt,
0 ’ u

since asset holdings are increasing over (t,u1) and, as a result, g, < By The first integral on the
right—hand side is a strictly positive function since the integrand is positive, and strictly positive for all
the low—valuation traders in 7 NS who submit a limit buy order executed at u;. Since the integrand
is positive, it is also weakly increasing. Letting u — u; leads to the conclusion that the right-hand
side is strictly positive, a contradiction.

Finally, the next Result implies that limit buy orders are not consistent with Markovian holding

plan:

RIX.24. Suppose that, in a Markov equilibrium at some time t1 € S, a low-valuation trader (“trader
A7) submits a limit buy order at price p;, executed at time uy € (t1,T2). Then, there is a positive
measure set of T € (t1,u1) such that, if trader A has another information event at time ty € T with
a low-valuation, her optimal holding plan differs from the holding plan of a low-valuation trader with

an information event at time ty for the first time (“trader B”).

Let 7 be the intersection of S with the positive measure subset of (¢1,u1), given by Result 1X.22.
Consider some ty € 7. By construction, for a low-valuation trader, gz, s, < 1. By result IX.23, a limit

order to buy at price py, submitted at time ¢35 is executed at time us > u;.

Suppose first that us < Ts. We argue that trader A can improve on B’s holding plan by using
the limit order he submitted earlier at time t1, to be executed at time uq. Suppose indeed that traders
A and B have the same optimal holding plan, ¢, ., and consider the following deviation for trader A:
decrease the asset holding g, ¢, by a marginal unit and submit a limit order to buy this marginal unit

at time u;. The marginal value of this deviation is equal to F'(uj, where

u
1—
F(u) = —/ e~ (r+p)z [1 — ﬁdqg t, — (rpz —p2)| dz > 0.
t1 - /’Lhtg ’
Obviously, F(t;) = 0. Moreover, by (IX.27), F(us) = 0 as well. Next, observe that e("t?"F'(y) is
as strictly decreasing function of u, and F(t;) = F(uz) = 0. Therefore, in the interval [t1, us], the
function F’(u) must be first strictly positive and then strictly negative, and the function F(u) has to

be strictly positive over (¢1,uz2). Hence, F(u1) > 0, meaning that trader A has a profitable deviation.

Consider next that a limit buy order submitted at time ¢, at price p, = p;, is not

executed before, 75, the end of the flat spot. For trader B, the value of increasing asset
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holdings by a marginal unit at to and re-selling with a limit sell order at 715 is negative:

2 —(r+p)z 1 —ppz ¢ 4 .
e 1-— 175%27152 — (rps —p2)| dz <0.
to — Hhty

But then again, the function multiplying the discount factor is a strictly increasing function of z. It
has to be strictly negative at z = to or else the above integral would be strictly positive. So, over
[to, To], it is either always strictly negative or strictly negative and then strictly positive. Either way,

this implies that for uq < Tb:
u1 1—
_ —(r+p)z [1 — Hhz 500 _ — )| d
e q D, — P z >0,
/t2 1— [his to,to ( z Z)

meaning that trader A can improve on the candidate equilibrium holding plan by reducing his holding
by a marginal unit at time 3 and submitting a limit order to buy this marginal unit at time u;, with

the help of her previously submitted limit buy order.

IX.5.12 Proof of Lemma VII.15

We prove each point in turn:

Proof of ¢, < 1. First suppose ¢¢,, > 1 for some u. Then, define T} = inf{u >t : ¢, <1} and
consider the deviation g;, = 1 for u < T} and Gt = gt for w > T1. By construction, §; ., is decreasing

and satisfies ;. < gt for u < T7. The net change in utility flow is zero for u > T} and, for u < T7:

(Tpu - pu) (Qt,u - 1) > 0,

because mp, — Py > 1 — 40 > 0, and thus the deviation is profitable.

Proof of ¢, = 1 if §; = h and u < Ty. Suppose that ¢;, < 1 for some u € [t,T¢). Then
Ty =inf{u >t : ¢ <1} < Ty. Consider then the deviation ;,, = 1 for all u. The change in utility
flow is zero for u < Ty and, for v > T. For u € (11, Ty):

(1 — TPu +pu) (1 - Qt,u) > 0,

because p,, > 0 and p, < 1/r. The deviation is thus profitable. Together with the fact that p, = 1/r
for u > T, this clearly implies that any asset holding plan such that g;, = 1 for u < T is optimal.

Proof of ¢, = 0 if §; = £ and v > Ty. Suppose that q;, > 0 for some u > Ty. Then
To = inf{u >t : q;, = 0} > Ty. Consider then the deviation G, = q¢u for v < Ty and gy = 0 for
u > Ty. The expected utility flow of the deviation is zero for u < Ty and u > Ty. For u € (Tf Vv t,Tp),
because of strict concavity at ¢ = 0, it is strictly greater greater than (vy(0) — rp.)gru = 0, since
vg(0) =1 and rp, = 1.

Proof that ¢, maximizes the relaxed objective (VIIL.3). Suppose it did not. Then, for
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u € [t,Ty), we can replace g;,, by a plan that achieves a higher value in the objective, and for u > T

keep g¢ = 0. Clearly, the resulting holding plan is decreasing and achieves a higher value.s

IX.5.13 Proof of Lemma VII.16

The objective is concave because the integrand is concave. It is also continuous because the integrand
has uniformly bounded derivatives. The constraint set is evidently convex. To show that it is closed,
consider some convergence sequence qu) — qgif) ,gif),
belongs to L*([t, Ty]), and thus to L'([t, Ty]). Therefore, by Theorem 7.11 in Rudin (1974), [ qg;o) dz

is differentiable for all u in a set S of full measure. Now for any u < u/ in S and any small enough ¢,

of elements of the constraint set. The limit, ¢

we have:

1 u-+€ 1 u'+e
el [
g Ju g Ju

since each element of the sequence is decreasing almost everywhere. Taking the limit as n goes to

infinity, we obtain that:
1 [ute 1 u'+e
/ q,Sj’j) dz > / qg;o) dz.
€ Ju g Juw

. . . v o0
Now since v and «/ are in S, the function [; q§ .
?

)

dz is differentiable at v = u and v = «/. This allows
us to take the limit as € goes to zero. And we find qésf) > qgoj,).
qt(i?) €[0,1] for all w € S.

Given the properties established above we can apply Proposition 1.2, page 35, Chapter II of

A similar reasoning yields that

Eckland and Téman (1987) and assert that a solution exists. Let us denote this solution by ¢;,. Note
that ¢/, is, by construction, decreasing almost everywhere instead of everywhere. Consider, however,

uES:qz‘u:q;u

)

uS:gr, =sup{q, : 2 €S and z > u}.
One easily verify that ¢, is decreasing everywhere and belong to [0, 1].

IX.5.14 Proof of Lemma VII.17

Consider a flat spot [t1,t2) and an investor who has an information event at time ¢t < to with a low
valuation. We denote uy = max{t,t;} and we want to show that, in the relaxed problem, g, is
constant over [ug, t2).

By contradiction assume that there exists some u € [ug, t2) such that g, < gt4,. Consider the

“ideal” asset holding ¢;,, defined in equation (IX.22). One sees easily that qt,, solves the problem of
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maximizing:
K, [U(9z7 Q)] - (sz - pz) q. (IX28)

subject to ¢ € [0,1], . This ideal holding is ., is weakly increasing during the flat spot, because
p. = 0. Define the first time in [ug, t2) such that the asset holding goes below the ideal asset holding:
up = inf{u € [ug,2) : qru < ¢f,}, With the convention that u; = t3 if the set is empty. Since g, is

weakly decreasing and ¢;,, is weakly increasing during the flat spot, we have that

(S [UO, ul) S qtu > qt,uy > qZul > q;{u (IX29)

we€ (un,u2) ¢ Gru < Gyt < Gy < G (IX.30)

Consider now the following deviation: Giu = ¢f,, if u € [uo,t2) and G1u = i otherwise. From
equation (IX.29) and (IX.30), the deviation is weakly closer to the ideal asset holding than in the
original plan. Moreover, since we have assumed that g; ., > ¢t 4, for some u € [ug,t2), it is strictly
closer to the ideal asset holding on for a strictly positive measure set of times. Because the objective
(IX.28) is hump-shaped with a unique maximum at ¢; ,, the expected utility of the deviation is strictly

higher that of the original plan.

IX.5.15 Proof of Lemma VII.21

First note that, following the same steps as for Lemma 1, page 14 in BHW, one finds that the planner’s

objective can be written:

W(q) =E [/O e / e—(r+p)(u—t) {H{Qtﬁ}Et [U(eua qt,u)] + H{Qt:h}Et [U(euv Qt,u)] } dt du:|
t

Consider, then, two solutions of the planning problem, g;, and qgvu and let:
C= {(t,u,w) S Ri xQ:t<wu and 0y ={ and ¢ # qgu}

Then if one consider a convex combination G, = Ageu + (1 — A)g;,,. This new allocation is clearly

feasible. Moreover, by concavity of the flow utility:

Et [v(0u, Geu)] = AE; [(Ou, gtu)] + (1 — NE; [v(ﬁu,q,?,u)}

with a strict inequality for (¢, u,w) € C since when 0; = ¢, the expected utility E; [v(0,, q)] is a strictly
concave function of ¢ € [0,1]. Thus, the set C' has to be of measure zero, or else ¢, would achieve a
higher value in the planner’s objective.

But we know from Proposition 2, page 19 in BHW, that the BHW-LOE asset holding plan solves

the planning problem. Together with the above, this means that in all planning solutions, the asset
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holdings of low valuation investors are (for almost all (¢,u,w)) the same as in the LOE of BHW.
Now turn to the holdings of high-valuation investors. Integrating the market—clearing condition,

E [q"'u:u - S] = Oa OVeT U € [Oan]a we find

Tf u
E [ /O e /O pe” " (“_t){qze,uﬂ{eth} iy P gy — s } dt} =0.

But the same equation holds in the BHW-LOE with ¢ ,,I;9,—p) being replaced by Iy, _4y. Thus

Ty u
E [/0 e_’"“/o pe_”(“_t)]l{gt:h}{l — Qt,u} dt du} =0

Now in the planning problem we restricted ourselves to g;, € [0,1], meaning that the integrand has
to be positive. Then, for the above equality holds it must be the case that for almost all (¢, u,w) such
that 0 <t <u <Ty, and 0; = h, g, = 1.
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