
10 Appendix

10.1 Expected values

We often generate one series (price, consumption, inflation) as an expected discounted
sum of another (dividends, income, policy disturbances)

yt = Et

∞X
j=0

θjxt+j

xt = b(L)εt

Task 1 Find a representation for yt = a(L)εt. The answer is (Hansen and Sargent
(1980))

yt =

µ
Lb(L)− θb(θ)

L− θ

¶
εt.

Here’s why. Start by writing out

y∗t =
∞X
j=0

θjxt+j =
1

1− θL−1
xt =

1

1− θL−1
b(L)εt.

y∗t =

b0εt +b1εt−1 +b2εt−2 +...
+(θb0εt+1) +θb1εt +θb2εt−1 +θb3εt−2 +...

+(θ2b0εt+2) +(θ2b1εt+1) +θ2b2εt +θ2b3εt−1 +θ2b4εt−2 +...
+(θ3b0εt+3) +(θ3b1εt+2) +(θ3b2εt+1) +θ3b3εt +θ3b4εt−1 +θ3b5εt−2 +...

Now, yt is formed by simply getting rid of all the terms involving future εt+j, which I put
in parentheses. Next sum the columns. For example, the εt+1 term is

θb0 + θ2b1 + θ3b2 + ... = θb(θ)

Thus, we can write

yt =

½
b(L)

1− θL−1
−
£
θb(θ)L−1 + θ2b(θ)L−2 + θ3b(θ)L−3 + ...

¤¾
εt

=

½
b(L)

1− θL−1
− b(θ)

£
θL−1 + θ2L−2 + θ3L−3 + ...

¤¾
εt

=

½
b(L)

1− θL−1
− b(θ)θL−1

1− θL−1

¾
εt

=

½
Lb(L)− b(θ)θ

L− θ

¾
εt

Example. Suppose
xt = ρxt−1 + εt.
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It’s easy to work out by hand that

Et

X
j=0

θjxt+j =
X

θjρjxt =
1

1− ρθ
xt =

1

1− ρθ

1

1− ρL
εt.

Our formula gives

Et

X
j=0

θjxt+j =

(
L

1−ρL −
θ

1−ρθ
L− θ

)
εt

=

( L(1−ρθ)−θ(1−ρL)
(1−ρL)(1−ρθ)

L− θ

)
εt

=

(
L−θ

(1−ρL)(1−ρθ)

L− θ

)
εt

=
1

(1− ρL) (1− ρθ)
εt

just as it should.

Task 2, reverse engineering Suppose you have a representation for yt = a(L)εt. Con-
struct an xt = b(L)εt that justifies it by yt = Et

P∞
j=0 θ

jxt+j. We want

a(L) =
Lb(L)− θb(θ)

L− θ
.

Solving,
a(L)(L− θ) = Lb(L)− θb(θ).

Evaluate at L = 0 to find b(θ)

a(0)(−θ) = −b(θ)θ
a(0) = b(θ)

Then substitute

a(L)(L− θ) = Lb(L)− a(0)θ

b(L) =
a(L)(L− θ) + a(0)θ

L
b(L) = a(L)(1− θL−1) + a(0)θL−1

b(L) = a(L)− θL−1 (a(L)− a(0))

That’s the answer.

We can also write the answer out explicitly:

b(L) = a0 + a1L+ a2L
2 + a3L

3 + ...− θL−1
¡
a1L+ a2L

2 + ...
¢

= (a0 − θa1) + (a1 − θa2)L+ (a2 − θa3)L
2 + ...

45



i.e.
bj = aj − θaj+1 (54)

We can check,

Et

∞X
j=0

θjxt+j = Et

∞X
j=0

θjb(L)εt+j

= Et

∞X
j=0

θj
∞X
k=0

(ak − θak+1) εt+j−k

= (a0 − θa1) εt + (a1 − θa2)εt−1 + (a2 − θa3) εt−2 + ...

+θ [(a1 − θa2)εt + (a2 − θa3) εt−1 + (a3 − θa4) εt−2 + ...]

+θ2 [(a2 − θa3)εt + (a3 − θa4) εt−1 + (a4 − θa5) εt−2 + ...]

= a0εt + a1εt−1 + a2εt−2 + ...

Our application. We have yt = −φ−1Et

P∞
j=0 φ

−jxt+j, i.e. θ = φ−1 and we need to
multiply xt by an additional −φ after we’re done. Equation (54) becomes

b(L) = −φ
£
a(L)− φ−1L−1 (a(L)− a(0))

¤
b(L) = −φa(L) + L−1 (a(L)− a(0))

b(L) =
¡
L−1 − φ

¢
a(L)− L−1a(0)

10.2 The three-equation model

The standard three equation model is, in deviation form

yt = Etyt+1 − σrt

it = rt +Etπt+1

πt = βEtπt+1 + γyt

it = φπ,0πt + φπ,1Etπt+1 + φy,0yt + φy,1Etyt+1

1. Express in standard form.

Eliminating i and r,

yt = Etyt+1 − σ
¡
φπ,0πt +

¡
φπ,1 − 1

¢
Etπt+1 + φy,0yt + φy,1Etyt+1

¢
.

¡
1− σφy,1

¢
Etyt+1 − σ

¡
φπ,1 − 1

¢
Etπt+1 =

¡
1 + σφy,0

¢
yt + σφπ,0πt

βEtπt+1 = −γyt + πt
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∙
1− σφy,1 −σ

¡
φπ,1 − 1

¢
0 β

¸ ∙
Etyt+1
Etπt+1

¸
=

∙
1 + σφy,0 σφπ,0
−γ 1

¸ ∙
yt
πt

¸
∙
Etyt+1
Etπt+1

¸
=

⎡⎣ 1
1−σφy,1

σ(φπ,1−1)
β(1−σφy,1)

0 1
β

⎤⎦∙ 1 + σφy,0 σφπ,0
−γ 1

¸ ∙
yt
πt

¸
∙
Etyt+1
Etπt+1

¸
=

"
1+σφy,0−σγ(φπ,1−1)/β

1−σφy,1
σ
φπ,0+(φπ,1−1)/β

1−σφy,1
−γ

β
1
β

# ∙
yt
πt

¸
2. Eigenvalues

The eigenvalues of the transition matrix are°°°°° 1+σφy,0+σγ(1−φπ,1)/β
1−σφy,1

− λ σ
φπ,0−(1−φπ,1)/β

1−σφy,1
−γ/β 1/β − λ

°°°°° = 0
µ
1 + σφy,0 + σγ(1− φπ,1)/β

1− σφy,1
− λ

¶
(1/β − λ) + σγ

µ
φπ,0 − (1− φπ,1)/β

1− σφy,1

¶
/β = 0£

1 + σφy,0 + σγ(1− φπ,1)/β − λ
¡
1− σφy,1

¢¤
(1− λβ) + σγ

¡
φπ,0 − (1− φπ,1)/β

¢
= 0

0 = β
¡
1− σφy,1

¢
λ2 −

£¡
1 + σφy,0 + σγ(1− φπ,1)/β

¢
β +

¡
1− σφy,1

¢¤
λ

+1 + σφy,0 + σγ(1− φπ,1)/β + σγ
¡
φπ,0 − (1− φπ,1)/β

¢
β
¡
1− σφy,1

¢
λ2 −

£
1 + β + σγ(1− φπ,1) + σβφy,0 − σφy,1

¤
λ+ 1 + σφy,0 + σγφπ,0 = 0

If σφy,1 6= 1,

λ =
1

2β
¡
1− σφy,1

¢ ©1 + β + σγ
¡
1− φπ,1

¢
+ σβφy,0 − σφy,1

±
q¡
1 + β + σγ

¡
1− φπ,1

¢
+ σβφy,0 − σφy,1

¢2 − 4β ¡1− σφy,1
¢ ¡
1 + σφy,0 + σγφπ,0

¢¾
If σφy,1 = 1,

β
¡
1− σφy,1

¢
λ2 −

£
1 + β + σγ(1− φπ,1) + σβφy,0 − σφy,1

¤
λ+ 1 + σφy,0 + σγφπ,0 = 0

−
£
β + σγ(1− φπ,1) + σβφy,0

¤
λ+ 1 + σφy,0 + σγφπ,0 = 0

λ =
1 + σ

¡
φy,0 + γφπ,0

¢
β + σ

£
γ(1− φπ,1) + βφy,0

¤
3. Characterizing the region of local determinacy
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To find the regions of determinacy, write

λ =
1

2a

³
b±
√
b2 − 4ac

´
a ≡ β

¡
1− σφy,1

¢
b ≡ 1 + β + σγ

¡
1− φπ,1

¢
+ σβφy,0 − σφy,1

c ≡ 1 + σφy,0 + σγφπ,0

The boundaries kλk = 1 are as follows.
1) σφy,1 6= 1, real roots b2 − 4ac > 0, λ = 1:¡

φπ,0 + φπ,1 − 1
¢
+
1− β

γ

¡
φy,1 + φy,0

¢
= 0

2) σφy,1 6= 1, real roots b2 − 4ac > 0, λ = −1 :¡
1 + φπ,0 − φπ,1

¢
− 1 + β

γ

¡
φy,1 − φy,0

¢
= −2(1 + β)

σγ

3) σφy,1 6= 1, Complex roots b2 − 4ac < 0,

γφπ,0 + φy,0 + βφy,1 =
β − 1
σ

.

4) σφy,1 = 1, λ = 1,

φπ,0 + φπ,1 +
(1− β)

σγ

¡
1 + σφy,0

¢
= 1

5) σφy,1 = 1, λ = −1 :

φπ,0 − φπ,1 +
(1 + β)

σγ

¡
1 + σφy,0

¢
= −1

Special cases used in plots

1. only φπ,0

λ =
1

2β

µ
(1 + β + σγ)±

q
(1 + β + σγ)2 − 4β

¡
1 + σγφπ,0

¢¶
The condition for real roots is (1 + β + σγ)2− 4β

¡
1 + σγφπ,0

¢
> 0. The kλk = 1 regions

are then
φπ,0 = 1
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φπ,0 = −
µ
1 + 2

(1 + β)

σγ

¶
for complex roots, we have

φπ,0 =
β − 1
σγ

2. φπ,0, φπ,1

λ =
1

2β

µ
1 + β + σγ

¡
1− φπ,1

¢
±
q¡
1 + β + σγ

¡
1− φπ,1

¢¢2 − 4β ¡1 + σγφπ,0
¢¶

The boundaries kλk = 1 are as follows.
1) Real roots, λ = 1

φπ,0 + φπ,1 = 1

2) Real roots, λ = −1 :

φπ,0 − φπ,1 = −
µ
1 + 2

(1 + β)

σγ

¶
3) Complex roots

φπ,0 =
β − 1
σγ

.

In the case φπ,0 = 0, we have

kλk2 = 1

4β2
4β =

1

β
> 1

in the entire complex root region. (The complex root region in the plot with φπ,0 = 0 has
a very small band of real roots surrounding the plotted complex roots, and these decline
quickly to one at the plotted boundary.)

Detailed algebra for determinacy regions:

1) σφy,1 6= 1, real roots, λ = 1.

1

2a

³
b±
√
b2 − 4ac

´
= 1

b±
√
b2 − 4ac = 2a

b2 − 4ac = (2a− b)2

0 =
¡
1 + β + σγ

¡
1− φπ,1

¢
+ σβφy,0 − σφy,1

¢2 − 4β ¡1− σφy,1
¢ ¡
1 + σφy,0 + σγφπ,0

¢
−
¡
2β − 2βσφy,1 −

¡
1 + β + σγ

¡
1− φπ,1

¢
+ σβφy,0 − σφy,1

¢¢2
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0 = −4σβφy,0 − 4βσφy,1 + 4σ2βφy,0φy,1 − 4βσγφπ,1 − 4βσγφπ,0
−4βσ2φy,1γ − 4β2σ2φy,1φy,0 + 4σβ2φy,0 + 4βσγ
+4β2σφy,1 − 4β2σ2φ2y,1 + 4βσ2φ2y,1 + 4βσ2φy,1γφπ,0 + 4βσ2φy,1γφπ,1

0 = −φy,0 − φy,1 + σφy,0φy,1 − γφπ,1 − γφπ,0 − σφy,1γ − βσφy,1φy,0

+βφy,0 + γ + βφy,1 − βσφ2y,1 + σφ2y,1 + σφy,1γφπ,0 + σφy,1γφπ,1¡
1− σφy,1

¢ ¡
βφy,1 − φy,1 − φy,0 + γ + βφy,0 − γφπ,0 − γφπ,1

¢
= 0¡

1− σφy,1
¢ ¡
(β − 1)

¡
φy,1 + φy,0

¢
− γ

¡
φπ,0 + φπ,1 − 1

¢¢
= 0

We have already assumed σφy,1 6= 1,so

(β − 1)
γ

¡
φy,1 + φy,0

¢
−
¡
φπ,0 + φπ,1 − 1

¢
= 0

¡
φπ,0 + φπ,1 − 1

¢
+
1− β

γ

¡
φy,1 + φy,0

¢
= 0

This identifies parameters at which one eigenvalue is equal to one. We also have to check
that the other one is greater than one.

2) σφy,1 6= 1, real roots, λ = −1

1

2a

³
b+
√
b2 − 4ac

´
= −1

b2 − 4ac = (2a+ b)2

0 =
¡
1 + β + σγ

¡
1− φπ,1

¢
+ σβφy,0 − σφy,1

¢2 − 4β ¡1− σφy,1
¢ ¡
1 + σφy,0 + σγφπ,0

¢
−
¡
2β − 2βσφy,1 +

¡
1 + β + σγ

¡
1− φπ,1

¢
+ σβφy,0 − σφy,1

¢¢2
:

0 = −4σβφy,0 + 12βσφy,1 − 8β2 − 8β + 4σ2βφy,0φy,1 + 4βσγφπ,1 − 4βσγφπ,0
+4βσ2φy,1γ + 4β

2σ2φy,1φy,0 − 4σβ2φy,0 − 4βσγ
+12β2σφy,1 − 4β2σ2φ2y,1 − 4βσ2φ2y,1 + 4βσ2φy,1γφπ,0 − 4βσ2φy,1γφπ,1

¡
σφy,1 − 1

¢ ¡
−βσφy,1 − σφy,1 + σβφy,0 + σγ + σφy,0 + σγφπ,0 − σγφπ,1 + 2 + 2β

¢
= 0

−βσφy,1 − σφy,1 + σβφy,0 + σγ + σφy,0 + σγφπ,0 − σγφπ,1 + 2 + 2β = 0

(1 + β)
¡
φy,1 − φy,0

¢
+ γ

¡
φπ,1 − φπ,0 − 1

¢
= 2

(1 + β)

σ
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¡
φπ,1 − φπ,0 − 1

¢
+
(1 + β)

γ

¡
φy,1 − φy,0

¢
= 2

(1 + β)

σγ¡
1− φπ,1 + φπ,0

¢
− (1 + β)

γ

¡
φy,1 − φy,0

¢
= −2(1 + β)

σγ

3) σφy,1 6= 1, Complex roots,°°°° 12a ³b±√b2 − 4ac´
°°°° = 1

³
b− i

p
k(b2 − 4ac)k

´³
b+ i

p
k(b2 − 4ac)k

´
= k2ak¡

b2 +
°°¡b2 − 4ac¢°°¢ = (2a)2

the roots are complex because b2 − 4ac < 0¡
b2 −

¡
b2 − 4ac

¢¢
= (2a)2

4ac = 4a2

c = a

1 + σφy,0 + σγφπ,0 = β
¡
1− σφy,1

¢
γφπ,0 + φy,0 + βφy,1 =

β − 1
σ

.

In the special case σφy,1 = 1, we have

λ =
1 + σ

¡
φy,0 + γφπ,0

¢
β + σ

£
γ(1− φπ,1) + βφy,0

¤
4) λ = 1 :

1 + σ
¡
φy,0 + γφπ,0

¢
= β + σ

£
γ(1− φπ,1) + βφy,0

¤
1− β

σ
= γ(1− φπ,1) + βφy,0 −

¡
φy,0 + γφπ,0

¢
1− β

σ
= −γ

¡
φπ,1 + φπ,0 − 1

¢
+ (β − 1)φy,0

−1− β

σγ
=

¡
φπ,0 + φπ,1 − 1

¢
+
(1− β)

γ
φy,0¡

φπ,0 + φπ,1 − 1
¢
= −(1− β)

σγ

¡
1 + σφy,0

¢
φπ,0 + φπ,1 +

(1− β)

σγ

¡
1 + σφy,0

¢
= 1
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5) λ = −1 :

1 + σ
¡
φy,0 + γφπ,0

¢
= −β − σ

£
γ(1− φπ,1) + βφy,0

¤
(1 + φπ,0 − φπ,1) = −

(1 + β)

σγ
σφy,0 −

1 + β

σγ

(1 + φπ,0 − φπ,1) = −(1 + β)

σγ

¡
1 + σφy,0

¢
φπ,0 − φπ,1 +

(1 + β)

σγ

¡
1 + σφy,0

¢
= −1

10.3 Estimated coefficients.

This section derives Equations (20) and (21).

The system is

yt = Etyt+1 − σrt + xdt

it = rt +Etπt+1

πt = βEtπt+1 + γyt + xπt

it = φππt + xit

Eliminate i, r to express the model in standard form,

Etyt+1 = yt + σrt − xdt

Etπt+1 = φππt + xit − rt

βEtπt+1 = πt − γyt − xπt

Etyt+1 = yt + σ (Etπt+1 − φππt − xit)− xdt

Etyt+1 = yt +
σ

β
πt −

σ

β
γyt −

σ

β
xπt − σφππt − σxit − xdt

Etyt+1 =

µ
1− σγ

β

¶
yt + σ

µ
1

β
− φπ

¶
πt −

σ

β
xπt − σxit − xdt

Thus, we solve⎡⎢⎢⎢⎢⎣
yt+1
πt+1
xdt+1
xπt+1
xit+1

⎤⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎣
1− σγ

β
σ
β
− σφπ −1 −σ

β
−σ

−γ
β

1
β

0 −1 0

0 0 ρd 0 0
0 0 0 ρπ 0
0 0 0 0 ρi

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣

yt
πt
xdt
xπt
xit

⎤⎥⎥⎥⎥⎦+
⎡⎢⎢⎢⎢⎣

δyt+1
δπt+1
εdt+1
επt+1
εit+1

⎤⎥⎥⎥⎥⎦
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Taking eigenvalues and eigenvectors of the transition matrix, we can express the solution
as

zdt = ρdzdt−1 + εdt

zπt = ρπzπt−1 + επt

zit = ρizit−1 + εit∙
yt
πt

¸
=

∙
1− ρdβ σ

¡
1− (1 + ρπ)β + φπβ

2
¢
1− ρiβ

γ β2 (1− ρπ) + σγ (1− β) γ

¸⎡⎣ zdt
zπt
zit

⎤⎦
xdt = ((1− ρd) (1− ρdβ) + σγ (ρd − φπ)) zdt

xπt = ((1− ρπ) (1− ρπβ) + σγ (ρπ − φπ))βzπt

xit = ((1− ρi) (1− ρiβ) + σγ (ρi − φπ)) /σzit

it = φππt + xit

What do you get if you regress it on πt?

φ̂π = φπ + cov(πt, xit)/var(πt)

Since πt loads on the shock xit, the covariance is not zero.

var(πt) = γ2σ2zd +
£
β2 (1− ρπ) + σγ (1− β)

¤2
σ2zπ + γ2σ2zi

cov(πt, xit) = ((1− ρi) (1− ρiβ) + σγ (ρi − φπ)) (γ/σ) σ
2
zi

cov(πt, xit)

var(πt)
=

[(1− ρi) (1− ρiβ) + σγ (ρi − φπ)] (γ/σ)σ
2
zi

γ2σ2zd +
£
β2 (1− ρπ) + σγ (1− β)

¤2
σ2zπ + γ2σ2zi

In the special case that the π and d shocks are zero, we have

cov(πt, xit)

var(πt)
=
(1− ρi) (1− ρiβ)

σγ
+ (ρi − φπ)

The φπ cancel, so the answer is

φ̂π =
(1− ρi) (1− ρiβ)

σγ
+ ρi

To evaluate the expected-inflation rule, the system is now

yt = Etyt+1 − σrt + xdt

it = rt +Etπt+1

πt = βEtπt+1 + γyt + xπt

it = φπEtπt+1 + xit
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Eliminate i, r to express the model in standard form,

Etyt+1 = yt + σrt − xdt

(1− φπ)Etπt+1 = xit − rt

βEtπt+1 = πt − γyt − xπt

Etyt+1 = yt + σ(1− φπ)Etπt+1 − σxit − xdt

Etyt+1 = yt +
σ

β
(1− φπ) (πt − γyt − xπt)− σxit − xdt

Etyt+1 =

∙
1− σγ

β
(1− φπ)

¸
yt +

σ

β
(1− φπ)πt −

σ

β
(1− φπ)xπt − σxit − xdt

Thus, we solve⎡⎢⎢⎢⎢⎣
yt+1
πt+1
xdt+1
xπt+1
xit+1

⎤⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎣
1− σγ

β
(1− φπ)

σ
β
(1− φπ) −1 −σ

β
(1− φπ) −σ

−γ
β

1
β

0 −1 0

0 0 ρd 0 0
0 0 0 ρπ 0
0 0 0 0 ρi

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣

yt
πt
xdt
xπt
xit

⎤⎥⎥⎥⎥⎦+
⎡⎢⎢⎢⎢⎣

δyt+1
δπt+1
εdt+1
επt+1
εit+1

⎤⎥⎥⎥⎥⎦ .
Taking eigenvectors, the solution is

zdt = ρdzdt−1 + εdt

zπt = ρπzπt−1 + επt

zit = ρizit−1 + εit∙
yt
πt

¸
=

∙
1− ρdβ σ (1− φπ) [1− β (1 + ρπ)] 1− ρiβ

γ β2 (1− ρπ) + σγ(1− β) (1− φπ) γ

¸⎡⎣ zdt
zπt
zit

⎤⎦
xdt = [(1− ρd) (1− ρdβ) + σγρd (1− φπ)] zdt

xπt = β [(1− ρπ) (1− ρπβ) + σγρπ (1− φπ)] zπt

xit =
1

σ
[(1− ρi) (1− ρiβ) + σγρi (1− φπ)] zit

it = φπEtπt+1 + xit (55)

Now, we want to run a regression of it on Etπt+1. Again, I specialize to zd = zπ = 0.
Then,

πt = γzπt
Etπt+1 = γρizit

With two or fewer shocks, we can recover the shocks from the observable variables, so
there is no issue that Et formed by observable instruments gives less information than Et
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formed on the full information set, i.e. seeing the z. Thus, when we run regression (55),
the result is

φ̂π = φπ +
cov (xit, γρizit)

var(γρizit)

= φπ +
1

σ

[(1− ρi) (1− ρiβ) + σγρi (1− φπ)] γρi
γ2ρ2i

φ̂π = 1 +
(1− ρi) (1− ρiβ)

σγρi

10.4 Identification in the three-equation model

This section presents the algebra for Section 4.3. The characterization of the determinacy
region is also used in “Inflation determination with Taylor rules.”

1. Express the model in standard form

Eliminate it from (41)-(41), to produce a system with two endogenous variables yt and
πt

yt = Etyt+1−σ
¡
φπ,0πt +

¡
φπ,1 − 1

¢
Etπt+1 + φy,0yt + φy,1Etyt+1 + xit + θyxyt + θπxπt

¢
+xyt

(1−σφy,1)Etyt+1+σ
¡
1− φπ,1

¢
Etπt+1 =

¡
1 + σφy,0

¢
yt+σφπ,0πt+σxit+(σθy − 1)xyt+σθπxπt

Express the model in standard form,⎡⎢⎢⎢⎢⎣
1− σφy,1 σ(1− φπ,1) 0 0 0
0 β 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣

yt+1
πt+1
xit+1
xyt+1
xπt+1

⎤⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎣
1 + σφy,0 σφπ,0 σ σθy − 1 σθπ
−γ 1 0 0 1
0 0 ρi 0 0
0 0 0 ρy 0
0 0 0 0 ρπ

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣

yt
πt
xit
xyt
xπt

⎤⎥⎥⎥⎥⎦+
⎡⎢⎢⎢⎢⎣

δyt+1
δπt+1
εit+1
εyt+1
επt+1

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣

yt+1
πt+1
xit+1
xyt+1
xπt+1

⎤⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎣

1
1−σφy,1

− σ(1−φπ,1)
β(1−σφy,1)

0 0 0

0 1
β

0 0 0

0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
1 + σφy,0 σφπ,0 σ σθy − 1 σθπ
−γ 1 0 0 1
0 0 ρi 0 0
0 0 0 ρy 0
0 0 0 0 ρπ

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣

yt
πt
xit
xyt
xπt

⎤⎥⎥⎥⎥⎦+...
I ignore the errors, since the covariance matrix of the shocks has no observable implica-
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tions.⎡⎢⎢⎢⎢⎣
yt+1
πt+1
xit+1
xyt+1
xπt+1

⎤⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎣

1+σφy,0+σγ(1−φπ,1)/β
1−σφy,1

σ
φπ,0−(1−φπ,1)/β

1−σφy,1
σ

1−σφy,1
σθy−1
1−σφy,1

σ
θπ−(1−φπ,1)/β

1−σφy,1
−γ/β 1/β 0 0 1/β
0 0 ρi 0 0
0 0 0 ρy 0
0 0 0 0 ρπ

⎤⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣

yt
πt
xit
xyt
xπt

⎤⎥⎥⎥⎥⎦+...

2. Eigenvalues of the transition matrix.

The eigenvalues of this transition matrix are ρi, ρy, ρπ and the eigenvalues of the upper
left-hand block, °°°°° 1+σφy,0+σγ(1−φπ,1)/β

1−σφy,1
− λ σ

φπ,0−(1−φπ,1)/β
1−σφy,1

−γ/β 1/β − λ

°°°°° = 0
These are the same as analyzed in section 10.2.

4. Eigenvectors of the transition matrix.

I let Maple (in Scientific Workplace) find eigenvectors, using the compute, matrix,
nullspace basis command. The eigenvectors of the stationary eigenvalues ρi, ρy, ρπ are :⎡⎢⎢⎢⎢⎣

1− βρi
γ
− 1

σ
αi

0
0

⎤⎥⎥⎥⎥⎦ ,
⎡⎢⎢⎢⎢⎣
1− ρyβ

γ
0
1

1−σθyαy

0

⎤⎥⎥⎥⎥⎦ ,
⎡⎢⎢⎢⎢⎣

σ
£
(1− βρπ) θπ − φπ,0 − ρπ

¡
φπ,1 − 1

¢¤
(1− ρπ) + σγθπ + σ

¡
φy,0 + ρπφy,1

¢
0
0
−απ

⎤⎥⎥⎥⎥⎦ .
where

αi ≡ (1− ρi) (1− ρiβ) + σγ
¡
φπ,0 + ρi

¡
φπ,1 − 1

¢¢
+ σ (1− βρi)

¡
φy,0 + ρiφy,1

¢
αy ≡

¡
1− ρy

¢ ¡
1− ρyβ

¢
+ σγ

¡
φπ,0 + ρy

¡
φπ,1 − 1

¢¢
+ σ

¡
1− βρy

¢ ¡
φy,0 + ρyφy,1

¢
απ ≡ (1− ρπ) (1− ρπβ) + σγ

¡
φπ,0 + ρπ

¡
φπ,1 − 1

¢¢
+ σ (1− ρπβ)

¡
φy,0 + ρπφy,1

¢
If θy = 1/σ, the second eigenvector collapses to⎡⎢⎢⎢⎢⎣

0
0
0
1
0

⎤⎥⎥⎥⎥⎦
We now have the model solution, i.e.

zt = zt−1 + εt

=
ρi

ρy
ρπ
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and⎡⎢⎢⎢⎢⎣
it
yt
xit
xyt
xπt

⎤⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎣
1− βρi 1− ρyβ σ

£
(1− βρπ) θπ − φπ,0 − ρπ

¡
φπ,1 − 1

¢¤
γ γ (1− ρπ) + σγθπ + σ

¡
φy,0 + ρπφy,1

¢
− 1

σ
αi 0 0
0 1

1−σθyαy 0

0 0 −απ

⎤⎥⎥⎥⎥⎦
⎡⎣ zit

zyt
zπt

⎤⎦

5. Put interest rates back in

We can now add the model’s predictions for it which is also observable

it = φπ,0πt + φπ,1Etπt+1 + φy,0yt + φy,1Etyt+1 + xit + θπxπt + θyxyt

= φπ,0
¡
γzit + γzyt +

¡
(1− ρπ) + σγθπ + σ

¡
φy,0 + ρπφy,1

¢¢
zπt
¢

+φπ,1
¡¡
γρizit + γρyzyt +

¡
(1− ρπ) + σγθπ + σ

¡
φy,0 + ρπφy,1

¢¢
ρπzπt

¢¢
+φy,0

¡
(1− βρi) zit +

¡
1− βρy

¢
zyt + σ

£
(1− βρπ) θπ − φπ,0 − ρπ

¡
φπ,1 − 1

¢¤
zπt
¢

+φy,1
¡
(1− βρi) ρizit +

¡
1− βρy

¢
ρyzyt + σ

£
(1− βρπ) θπ − φπ,0 − ρπ

¡
φπ,1 − 1

¢¤
ρπzπt

¢
+xit + φπxπt + φyxyt

=
£
γ
¡
φπ,0 + ρiφπ,1

¢
+ (1− βρi)

¡
φy,0 + ρiφy,1

¢¤
zit + xit

+
£
γ
¡
φπ,0 + ρyφπ,1

¢
+
¡
1− βρy

¢ ¡
φy,0 + ρyφy,1

¢¤
zyt + θyxyt

+
©£
(1− ρπ) + σγθπ + σ

¡
φy,0 + ρπφy,1

¢¤ ¡
φπ,0 + ρπφπ,1

¢
+σ

£
(1− βρπ) θπ − φπ,0 − ρπ

¡
φπ,1 − 1

¢¤ ¡
φy,0 + ρπφy,1

¢ª
zπt + θπxπt

=
h
γ
¡
φπ,0 + ρiφπ,1

¢
+ (1− βρi)

¡
φy,0 + ρiφy,1

¢
− αi

σ

i
zit

+

∙
γ
¡
φπ,0 + ρyφπ,1

¢
+
¡
1− βρy

¢ ¡
φy,0 + ρyφy,1

¢
+

αyθy
1− σθy

¸
zyt

+
©£
(1− ρπ) + σγθπ + σ

¡
φy,0 + ρπφy,1

¢¤ ¡
φπ,0 + ρπφπ,1

¢
+σ

£
(1− βρπ) θπ − φπ,0 − ρπ

¡
φπ,1 − 1

¢¤ ¡
φy,0 + ρπφy,1

¢
− απθπ

ª
zπt

Simplifying the terms,

γ
¡
φπ,0 + ρiφπ,1

¢
+ (1− βρi)

¡
φy,0 + ρiφy,1

¢
− αi

σ
= γ

¡
φπ,0 + ρiφπ,1

¢
+ (1− βρi)

¡
φy,0 + ρiφy,1

¢
− 1
σ

¡
(1− ρi) (1− ρiβ) + σγ

¡
φπ,0 + ρi

¡
φπ,1 − 1

¢¢
+ σ (1− βρi)

¡
φy,0 + ρiφy,1

¢¢
= γρi −

1

σ
(1− ρi) (1− ρiβ)− (1− βρi)

¡
φy,0 + ρiφy,1

¢
+ (1− βρi)

¡
φy,0 + ρiφy,1

¢
= γρi −

1

σ
(1− ρi) (1− ρiβ)
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γ
¡
φπ,0 + ρyφπ,1

¢
+
¡
1− βρy

¢ ¡
φy,0 + ρyφy,1

¢
+

αyθy
1− σθy

= γ
¡
φπ,0 + ρyφπ,1

¢
+

θy
1− σθy

¡¡
1− ρy

¢ ¡
1− ρyβ

¢
+ σγ

¡
φπ,0 + ρy

¡
φπ,1 − 1

¢¢
+ σ

¡
1− βρy

¢ ¡
φy,0 + ρyφy,1

¢¢
+
¡
1− βρy

¢ ¡
φy,0 + ρyφy,1

¢
= γ

¡
φπ,0 + ρyφπ,1

¢
+

σγθy
1− σθy

¡
φπ,0 + ρy

¡
φπ,1 − 1

¢¢
+

θy
1− σθy

£¡
1− ρy

¢ ¡
1− ρyβ

¢
+ σ

¡
1− βρy

¢ ¡
φy,0 + ρyφy,1

¢¤
+
¡
1− βρy

¢ ¡
φy,0 + ρyφy,1

¢
=

γ

1− σθy

¡
φπ,0 + ρyφπ,1

¢
+

θy
1− σθy

¡¡
1− ρy

¢ ¡
1− ρyβ

¢
− σγρy

¢
+

σθy
1− σθy

¡
1− βρy

¢ ¡
φy,0 + ρyφy,1

¢
+
¡
1− βρy

¢ ¡
φy,0 + ρyφy,1

¢
=

γ

1− σθy

¡
φπ,0 + ρyφπ,1

¢
+

θy
1− σθy

¡¡
1− ρy

¢ ¡
1− ρyβ

¢
− σγρy

¢
+

1

1− σθy

¡
1− βρy

¢ ¡
φy,0 + ρyφy,1

¢
=

1

1− σθy

©
γ
¡
φπ,0 + ρyφπ,1

¢
+
¡
1− βρy

¢ ¡
φy,0 + ρyφy,1

¢
+
¡¡
1− ρy

¢ ¡
1− βρy

¢
− σγρy

¢
θy
ª

£
(1− ρπ) + σγθπ + σ

¡
φy,0 + ρπφy,1

¢¤ ¡
φπ,0 + ρπφπ,1

¢
+σ

£
(1− βρπ) θπ − φπ,0 − ρπ

¡
φπ,1 − 1

¢¤ ¡
φy,0 + ρπφy,1

¢
− απθπ

¡
(1− ρπ) + σγθπ + σ

¡
φy,0 + ρπφy,1

¢¢ ¡
φπ,0 + ρπφπ,1

¢
−(1− ρπ) (1− ρπβ) θπ − σγ

¡
φπ,0 + ρπ

¡
φπ,1 − 1

¢¢
θπ − σ (1− ρπβ)

¡
φy,0 + ρπφy,1

¢
θπ

+σ
£
(1− βρπ) θπ − φπ,0 − ρπ

¡
φπ,1 − 1

¢¤ ¡
φy,0 + ρπφy,1

¢
= (1− ρπ)

¡
φπ,0 + ρπφπ,1

¢
+ [σγρπ − (1− ρπ) (1− ρπβ)] θπ

+σ
£¡
φπ,0 + ρπφπ,1

¢
− (1− ρπβ) θπ

¤ ¡
φy,0 + ρπφy,1

¢
+σ

£
(1− βρπ) θπ − φπ,0 − ρπ

¡
φπ,1 − 1

¢¤ ¡
φy,0 + ρπφy,1

¢
= (1− ρπ)

¡
φπ,0 + ρπφπ,1

¢
+ [σγρπ − (1− ρπ) (1− ρπβ)] θπ

+σ
©¡
φπ,0 + ρπφπ,1

¢
− (1− ρπβ) θπ + (1− βρπ) θπ − φπ,0 − ρπ

¡
φπ,1 − 1

¢ª ¡
φy,0 + ρπφy,1

¢
= (1− ρπ)

¡
φπ,0 + ρπφπ,1

¢
+ ρπσ

¡
φy,0 + ρπφy,1

¢
+ [σγρπ − (1− ρπ) (1− ρπβ)] θπ

6. Transition matrix for all observables

Adding the it loadings on each z to the eigenvectors found so far, and ignoring the x
shocks, the transition matrix for observables has the following expression⎡⎣ yt+1

πt+1
it+1

⎤⎦ = Qzt
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⎡⎣ yt+1
πt+1
it+1

⎤⎦ = Q

⎡⎣ ρi
ρy

ρπ

⎤⎦Q−1
⎡⎣ yt

πt
it

⎤⎦+ shocks

Q:,1 =

⎡⎣ 1− βρi
γ
γρi − 1

σ
(1− ρi) (1− ρiβ)

⎤⎦
Q:,2 =

⎡⎣ 1− βρy
γ
1

1−σθy

©
γ
¡
φπ,0 + ρyφπ,1

¢
+
¡
1− βρy

¢ ¡
φy,0 + ρyφy,1

¢
+
¡¡
1− ρy

¢ ¡
1− βρy

¢
− σγρy

¢
θy
ª
⎤⎦

Q:,3 =

⎡⎣ σ
£
(1− βρπ) θπ − φπ,0 − ρπ

¡
φπ,1 − 1

¢¤
(1− ρπ) + σγθπ + σ

¡
φy,0 + ρπφy,1

¢
(1− ρπ)

¡
φπ,0 + ρπφπ,1

¢
+ ρπσ

¡
φy,0 + ρπφy,1

¢
+ [σγρπ − (1− ρπ) (1− ρπβ)] θπ

⎤⎦
Q:,1 andQ1:2,2 identify β, γ, σ. The remainingQ are linear functions of the θ, φ parameters.
Furthermore, Q3,3 is redundant, − 1

σ
(1−ρπ)Q3,1+ρπQ3,2 = Q3,3 Thus, all our information

about the φ and θ parameters comes down to two restrictions,

1

γ (1− σθy)

©
γ
¡
φπ,0 + ρyφπ,1

¢
+
¡
1− βρy

¢ ¡
φy,0 + ρyφy,1

¢
+
¡¡
1− ρy

¢ ¡
1− βρy

¢
− σγρy

¢
θy
ª
=

Q3,2

Q2,2

(1− ρπ) + σγθπ + σ
¡
φy,0 + ρπφy,1

¢
σ
£
(1− βρπ) θπ − φπ,0 − ρπ

¡
φπ,1 − 1

¢¤ = Q1,3

Q2,3

7. Solving explicitly for φ, θ that are observationally equivalent to a given φ∗, θ∗

Q comes from φ∗, θ∗ :

γ
¡
φπ,0 + ρyφπ,1

¢
+
¡
1− βρy

¢ ¡
φy,0 + ρyφy,1

¢
+
¡¡
1− ρy

¢ ¡
1− βρy

¢
− σγρy

¢
θy

γ (1− σθy)

=
γ
¡
φ∗π,0 + ρyφ

∗
π,1

¢
+
¡
1− βρy

¢ ¡
φ∗y,0 + ρyφ

∗
y,1

¢
+
¡¡
1− ρy

¢ ¡
1− βρy

¢
− σγρy

¢
θ∗y

γ
¡
1− σθ∗y

¢
(1− ρπ) + σγθπ + σ

¡
φy,0 + ρπφy,1

¢
σ
£
(1− βρπ) θπ − φπ,0 − ρπ

¡
φπ,1 − 1

¢¤
=

(1− ρπ) + σγθ∗π + σ
¡
φ∗y,0 + ρπφ

∗
y,1

¢
σ
£
(1− βρπ) θ

∗
π − φ∗π,0 − ρπ

¡
φ∗π,1 − 1

¢¤
Working on the first equation¡

γ
¡
φπ,0 + ρyφπ,1

¢
+
¡
1− βρy

¢ ¡
φy,0 + ρyφy,1

¢
+
¡¡
1− ρy

¢ ¡
1− βρy

¢
− σγρy

¢
θy
¢ ¡
1− σθ∗y

¢
=

¡
γ
¡
φ∗π,0 + ρyφ

∗
π,1

¢
+
¡
1− βρy

¢ ¡
φ∗y,0 + ρyφ

∗
y,1

¢
+
¡¡
1− ρy

¢ ¡
1− βρy

¢
− σγρy

¢
θ∗y
¢
(1− σθy)
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define φ̃ = φ− φ∗, etc.,

γ
³
φ̃π,0 + ρyφ̃π,1

´
+
¡
1− βρy

¢ ³
φ̃y,0 + ρyφ̃y,1

´
+
¡¡
1− ρy

¢ ¡
1− βρy

¢
− σγρy

¢
θ̃y

−
¡
γ
¡
φπ,0 + ρyφπ,1

¢
+
¡
1− βρy

¢ ¡
φy,0 + ρyφy,1

¢
+
¡¡
1− ρy

¢ ¡
1− βρy

¢
− σγρy

¢
θy
¢ ¡

σθ∗y
¢

=
¡
γ
¡
φ∗π,0 + ρyφ

∗
π,1

¢
+
¡
1− βρy

¢ ¡
φ∗y,0 + ρyφ

∗
y,1

¢
+
¡¡
1− ρy

¢ ¡
1− βρy

¢
− σγρy

¢
θ∗y
¢
(−σθy)

xy∗ = x∗y

(x− x∗) y∗ + x∗y∗ = x∗ (y − y∗) + x∗y∗

(x− x∗) y∗ = x∗ (y − y∗)

γ
³
φ̃π,0 + ρyφ̃π,1

´
+
¡
1− βρy

¢ ³
φ̃y,0 + ρyφ̃y,1

´
+
¡¡
1− ρy

¢ ¡
1− βρy

¢
− σγρy

¢
θ̃y

−
³
γ
³
φ̃π,0 + ρyφ̃π,1

´
+
¡
1− βρy

¢ ³
φ̃y,0 + ρyφ̃y,1

´
+
¡¡
1− ρy

¢ ¡
1− βρy

¢
− σγρy

¢
θ̃y
´
σθ∗y

=
¡
γ
¡
φ∗π,0 + ρyφ

∗
π,1

¢
+
¡
1− βρy

¢ ¡
φ∗y,0 + ρyφ

∗
y,1

¢
+
¡¡
1− ρy

¢ ¡
1− βρy

¢
− σγρy

¢
θ∗y
¢ ³
−σθ̃y

´
¡
1− σθ∗y

¢
γ
³
φ̃π,0 + ρyφ̃π,1

´
+
¡
1− βρy

¢ ¡
1− σθ∗y

¢ ³
φ̃y,0 + ρyφ̃y,1

´
+
¡
1− σθ∗y

¢ ¡¡
1− ρy

¢ ¡
1− βρy

¢
− σγρy

¢
θ̃y

=
¡
γ
¡
φ∗π,0 + ρyφ

∗
π,1

¢
+
¡
1− βρy

¢ ¡
φ∗y,0 + ρyφ

∗
y,1

¢
+
¡¡
1− ρy

¢ ¡
1− βρy

¢
− σγρy

¢
θ∗y
¢ ³
−σθ̃y

´
¡
1− σθ∗y

¢n
γ
³
φ̃π,0 + ρyφ̃π,1

´
+
¡
1− βρy

¢ ³
φ̃y,0 + ρyφ̃y,1

´o
=

= −
©
σγ
¡
φ∗π,0 + ρyφ

∗
π,1

¢
+ σ

¡
1− βρy

¢ ¡
φ∗y,0 + ρyφ

∗
y,1

¢
+
¡¡
1− ρy

¢ ¡
1− βρy

¢
− σγρy

¢
σθ∗y +

¡
1− σθ∗y

¢ ¡¡
1− ρy

¢ ¡
1− βρy

¢
− σγρy

¢ª
θ̃y

0 =
¡
1− σθ∗y

¢n
γ
³
φ̃π,0 + ρyφ̃π,1

´
+
¡
1− βρy

¢ ³
φ̃y,0 + ρyφ̃y,1

´o
+
©
σγ
¡
φ∗π,0 + ρyφ

∗
π,1

¢
+ σ

¡
1− βρy

¢ ¡
φ∗y,0 + ρyφ

∗
y,1

¢
+
¡¡
1− ρy

¢ ¡
1− βρy

¢
− σγρy

¢ª
θ̃y

0 =
¡
1− σθ∗y

¢n
γ
³
φ̃π,0 + ρyφ̃π,1

´
+
¡
1− βρy

¢ ³
φ̃y,0 + ρyφ̃y,1

´o
+
©
γ
¡
φ∗π,0 + ρyφ

∗
π,1

¢
+
¡
1− βρy

¢ ¡
φ∗y,0 + ρyφ

∗
y,1

¢ª
σθ̃y +

¡¡
1− ρy

¢ ¡
1− βρy

¢
− σγρy

¢
θ̃y

Working on the second equation

(1− ρπ) + σγθπ + σ
¡
φy,0 + ρπφy,1

¢
σ
£
(1− βρπ) θπ − φπ,0 − ρπ

¡
φπ,1 − 1

¢¤ = (1− ρπ) + σγθ∗π + σ
¡
φ∗y,0 + ρπφ

∗
y,1

¢
σ
£
(1− βρπ) θ

∗
π − φ∗π,0 − ρπ

¡
φ∗π,1 − 1

¢¤
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¡
(1− ρπ) + σγθπ + σ

¡
φy,0 + ρπφy,1

¢¢ £
(1− βρπ) θ

∗
π − φ∗π,0 − ρπ

¡
φ∗π,1 − 1

¢¤
=

¡
(1− ρπ) + σγθ∗π + σ

¡
φ∗y,0 + ρπφ

∗
y,1

¢¢ £
(1− βρπ) θπ − φπ,0 − ρπ

¡
φπ,1 − 1

¢¤
¡
(1− ρπ) + σγθπ + σ

¡
φy,0 + ρπφy,1

¢¢ £
(1− βρπ) θ

∗
π −

¡
φ∗π,0 + ρπφ

∗
π,1

¢
+ ρπ

¤
=

¡
(1− ρπ) + σγθ∗π + σ

¡
φ∗y,0 + ρπφ

∗
y,1

¢¢ £
(1− βρπ) θπ −

¡
φπ,0 + ρπφπ,1

¢
+ ρπ

¤
xy∗ = x∗y

(x− x∗) y∗ = x∗ (y − y∗)³
σγθ̃π + σ

³
φ̃y,0 + ρπφ̃y,1

´´ £
(1− βρπ) θ

∗
π −

¡
φ∗π,0 + ρπφ

∗
π,1

¢
+ ρπ

¤
=

¡
(1− ρπ) + σγθ∗π + σ

¡
φ∗y,0 + ρπφ

∗
y,1

¢¢ h
(1− βρπ) θ̃π −

³
φ̃π,0 + ρπφ̃π,1

´i
0 =

©£
(1− βρπ) θ

∗
π −

¡
φ∗π,0 + ρπφ

∗
π,1

¢
+ ρπ

¤
σγ −

¡
(1− ρπ) + σγθ∗π + σ

¡
φ∗y,0 + ρπφ

∗
y,1

¢¢
(1− βρπ)

ª
θ̃π

+
£
(1− βρπ) θ

∗
π −

¡
φ∗π,0 + ρπφ

∗
π,1

¢
+ ρπ

¤
σ
³
φ̃y,0 + ρπφ̃y,1

´
+
£
(1− ρπ) + σγθ∗π + σ

¡
φ∗y,0 + ρπφ

∗
y,1

¢¤ ³
φ̃π,0 + ρπφ̃π,1

´
0 =

©
(1− βρπ)σγθ

∗
π − σγ

¡
φ∗π,0 + ρπφ

∗
π,1

¢
+ σγρπ − (1− ρπ) (1− βρπ)

− (1− βρπ)σγθ
∗
π − σ (1− βρπ)

¡
φ∗y,0 + ρπφ

∗
y,1

¢ª
θ̃π

+
£
(1− βρπ) θ

∗
π −

¡
φ∗π,0 + ρπφ

∗
π,1

¢
+ ρπ

¤
σ
³
φ̃y,0 + ρπφ̃y,1

´
+
¡
(1− ρπ) + σγθ∗π + σ

¡
φ∗y,0 + ρπφ

∗
y,1

¢¢ ³
φ̃π,0 + ρπφ̃π,1

´

0 =

½
+σγρπ − (1− ρπ) (1− βρπ)− σγ

¡
φ∗π,0 + ρπφ

∗
π,1

¢
−σ (1− βρπ)

¡
φ∗y,0 + ρπφ

∗
y,1

¢ ¾
θ̃π

+
£
(1− βρπ) θ

∗
π −

¡
φ∗π,0 + ρπφ

∗
π,1

¢
+ ρπ

¤
σ
³
φ̃y,0 + ρπφ̃y,1

´
+
¡
(1− ρπ) + σγθ∗π + σ

¡
φ∗y,0 + ρπφ

∗
y,1

¢¢ ³
φ̃π,0 + ρπφ̃π,1

´
In sum, we have two linear equations in the 6 unknowns θ̃π, φ̃y, φ̃π,0, φ̃π,1, φ̃y,0, φ̃y,1

0 =
©¡
1− ρy

¢ ¡
1− βρy

¢
− σγρy + σγ

¡
φ∗π,0 + ρyφ

∗
π,1

¢
+ σ

¡
1− βρy

¢ ¡
φ∗y,0 + ρyφ

∗
y,1

¢ª
θ̃y

+
¡
1− σθ∗y

¢n
γ
³
φ̃π,0 + ρyφ̃π,1

´
+
¡
1− βρy

¢ ³
φ̃y,0 + ρyφ̃y,1

´o
0 = −

©
(1− ρπ) (1− βρπ)− σγρπ + σγ

¡
φ∗π,0 + ρπφ

∗
π,1

¢
+ σ (1− βρπ)

¡
φ∗y,0 + ρπφ

∗
y,1

¢ª
θ̃π

+
£
(1− βρπ) θ

∗
π −

¡
φ∗π,0 + ρπφ

∗
π,1

¢
+ ρπ

¤
σ
³
φ̃y,0 + ρπφ̃y,1

´
+
£
(1− ρπ) + σγθ∗π + σ

¡
φ∗y,0 + ρπφ

∗
y,1

¢¤ ³
φ̃π,0 + ρπφ̃π,1

´
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8. Special cases

a) With θ = 0 :

0 = γ
³
φ̃π,0 + ρyφ̃π,1

´
+
¡
1− βρy

¢ ³
φ̃y,0 + ρyφ̃y,1

´
0 =

£
(1− ρπ) + σ

¡
φ∗y,0 + ρπφ

∗
y,1

¢¤ ³
φ̃π,0 + ρπφ̃π,1

´
+
£
ρπ −

¡
φ∗π,0 + ρπφ

∗
π,1

¢¤
σ
³
φ̃y,0 + ρπφ̃y,1

´

0 =
³
φ̃π,0 + ρyφ̃π,1

´
+

¡
1− βρy

¢
γ

³
φ̃y,0 + ρyφ̃y,1

´
0 =

³
φ̃π,0 + ρπφ̃π,1

´
+

σρπ − σ
¡
φ∗π,0 + ρπφ

∗
π,1

¢
(1− ρπ) + σ

¡
φ∗y,0 + ρπφ

∗
y,1

¢ ³φ̃y,0 + ρπφ̃y,1

´
9. The identified linear combinations

A =

⎡⎢⎢⎣
γ 1− ρπ + σ

¡
φ∗y,0 + ρπφ

∗
y,1

¢
γρy ρπ

¡
1− ρπ + σ

¡
φ∗y,0 + ρπφ

∗
y,1

¢¢
1− βρy σ

¡
ρπ − φ∗π,0 − ρπφ

∗
π,1

¢¡
1− βρy

¢
ρy σρπ

¡
ρπ − φ∗π,0 − ρπφ

∗
π,1

¢
⎤⎥⎥⎦

A0

⎡⎢⎢⎣
φ̃π,0
φ̃π,1
φ̃y,0
φ̃y,1

⎤⎥⎥⎦ = 0
write this as ∙

γ γρy α2 α2ρy
α1 α1ρπ α3 α3ρπ

¸⎡⎢⎢⎣
φ̃π,0
φ̃π,1
φ̃y,0
φ̃y,1

⎤⎥⎥⎦ = 0
The nullspace basis is :⎡⎢⎢⎣

α2α3
¡
ρπ − ρy

¢
0

α1α2ρy − γα3ρπ
γα3 − α1α2

⎤⎥⎥⎦ ,
⎡⎢⎢⎣

α1α2ρπ − γα3ρy
γα3 − α1α2
γα1

¡
ρy − ρπ

¢
0

⎤⎥⎥⎦
Thus, we can identify the two linear combinations

α2α3
¡
ρπ − ρy

¢
φ̃π,0 +

¡
α1α2ρy − γα3ρπ

¢
φ̃y,0 + (γα3 − α1α2) φ̃y,1 = 0¡

α1α2ρπ − γα3ρy
¢
φ̃π,0 + (γα3 − α1α2) φ̃π,1 + γα1

¡
ρy − ρπ

¢
φ̃y,0 = 0
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